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3Dgguhvv iru fruuhvsrqghqfh= Pdufr Fhohqwdql/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlgdg Fduorv LLL gh Pdgulg/ Jhwdih
+Pdgulg, 5;<36/ Vsdlq> h0pdlo= fhohqwdqChfr1xf6p1hv> id{ .670<40957 <;:81 Sduw ri wklv uhvhdufk zdv grqh zkloh Pdufr
Fhohqwdql ylvlwhg wkh Glsduwlphqwr gl Whruld h Vwruld ghoo*Hfrqrpld Sxeeolfd ri Xqlyhuvlwª gl Qdsrol Ihghulfr LL xqghu
WPU ihoorzvkls HUEIPELFW<93:9: ri wkh Hxurshdq Frpplvvlrq dqg Mxdq0Mrv￿ Jdqx}d ylvlwhg wkh Lqvwlwxw g*Hfrqrplh
Lqgxvwulhooh ri Xqlyhuvlw￿ gh Vflhqfhv Vrfldohv gh Wrxorxvh dqg Xqlyhuvlw| ri Fdol￿uqld/ Orv Dqjhohv xqghu Vsdqlvk Plqlvwu|
ri Hgxfdwlrq ihoorzvkls H[0833:;86<1 Zh zlvk wr judwhixoo| dfnqrzohgjh wkh krvslwdolw| ri rxu iruphu krvwv dv zhoo dv wkh
￿qdqfldo vxssruw ri rxu vsrqvruv1 Pdufr Fhohqwdql dovr dfnqrzohgjhv wkh ￿qdqfldo vxssruw ri judqw HUEFKU[FW<70378; ri
wkh Hxurshdq Frpplvvlrq dqg ri judqw XH<803375 ri wkh Vsdqlvk Plqlvwu| ri Hgxfdwlrq1
Zh wkdqn Doiuhgr Gho Prqwh/ Mhdq0Mdftxhv Od￿rqw/ Gdylg N1 Ohylqh/ Pdvvlpr Pduuhool/ Fdqlfh Suhqghujdvw/ Sdwulfn
Uh|/ Pdqxho Vdqwrv/ Mhdq Wluroh dqg sduwlflsdqwv dw wkh Ohduqlqj dqg Vrfldo Lqvwlwxwlrqv Frqihuhqfh lq Dolfdqwh/ Ehoodwhuud
Vhplqdu dw Xqlyhuvlwdw Dxwrqrpd gh Edufhorqd/ dqg Irxujhdxg Vhplqdu lq Sdulv iru xvhixo glvfxvvlrqv dqg vxjjhvwlrqv1 Wkh
xvxdo glvfodlphu dssolhv1Devwudfw
Zh vwxg| wkh g|qdplfv ri fruuxswlrq uho|lqj rq wzr ixqgdphqwdo revhuydwlrqv= +d, Jlyhq djhqwv ghwhfwhg
dv fruuxsw duh w|slfdoo| ￿uhg dqg uhsodfhg/ wkh klvwrulfdo ohyhov ri fruuxswlrq kdyh dq lpsdfw rq fxuuhqw
fruuxswlrq wkurxjk wkh glvwulexwlrq ri fruuxswlrq frvwv ri rog djhqwv> +e, Lqvwlwxwlrqv qhjdwlyho| d￿hfwhg
e| wkhlu djhqwv* fruuxsw dfwlylwlhv duh olnho| wr uhvsrqg rswlpdoo| wr lw wkhuhe| ghfuhdvlqj wkh sd|r￿ iurp
ehlqj fruuxsw1 Zh prgho wklv vlwxdwlrq e| frqvlghulqj dq djhqw zkr lv vxssrvhg wr prqlwru d frqwudfwru*v
gholyhu| ri d surgxfw ru vhuylfh dqg fdq pdqlsxodwh klv uhsruw wkxv doorzlqj wkh frqwudfwru wr gholyhu orzhu
txdolw| lq h{fkdqjh iru d euleh1 Jlyhq wkh wzr jhqhudwlrqv ri djhqwv ryhuodsslqj dw dq| sduwlfxodu gdwh/
wkh dgplqlvwudwlrq vhwv dq rswlpdo ohyho ri txdolw| lq hdfk shulrg1 Zh ￿qg wkdw +l, D xqltxh vwhdg| vwdwh
ohyho ri fruuxswlrq h{lvwv> +ll, Uhjdugohvv ri wkh lqlwldo glvwulexwlrq/ dsduw iurp dq lqlwldo shulrg/ htxloleulxp
vhtxhqfhv duh ghfuhdvlqj dqg frqyhujh wr wkh vwhdg| vwdwh/ d uhvxow zh whup wkh ￿Kdgoh|exuj h￿hfw￿1 Zh
xvh wkhvh ￿qglqjv wr vwxg| wkh g|qdplf uhvsrqvh ri fruuxswlrq wr erwk whpsrudu| dqg shupdqhqw vkrfnv
wr wkh sur￿wdelolw| ri fruuxswlrq dqg zh ￿qg wkdw wkh ￿Kdgoh|exuj h￿hfw￿ kdv lpsruwdqw srvlwlyh dqg
qrupdwlyh lpsolfdwlrqv1
Nh|zrugv= Fruuxswlrq g|qdplfv1
MHO fodvvl￿fdwlrq qxpehuv= F:6/ G:6/ N751
l￿Zk|/ |rx vlpsoh fuhdwxuhv/ wkh zhdnhvw ri doo zhdn wklqjv lv d yluwxh wkdw kdv qrw ehhq
whvwhg lq wkh ￿uh1￿ Pdun Wzdlq +4;<<, Wkh pdq wkdw fruuxswhg Kdgoh|exuj/ uhsulqw lq Shqjxlq
Errnv/ Orqgrq/ 4<<8/ s1 791
4 Lqwurgxfwlrq
Fdq wkh fruuxswlrq rssruwxqlwlhv fuhdwhg e| sulydwl}dwlrq surjudpv kdyh d orqj odvwlqj lpsdfw rq wkh ohyho
ri fruuxswlrqB Zkdw duh wkh orqj uxq frqvhtxhqfhv ri d eulhi dqwl0fruuxswlrq fdpsdljqB Zkdw lv wkh
g|qdplf uhvsrqvh ri fruuxswlrq wr shupdqhqw fkdqjhv lq wkh sur￿wdelolw| ri fruuxswlrqB Wkh remhfwlyh ri
wklv sdshu lv wr frqwulexwh wr wkh xqghuvwdqglqj ri wkh g|qdplfv ri fruuxswlrq dqg wr xowlpdwho| eh deoh
wr jlyh dqvzhuv wr txhvwlrqv olnh wkh suhylrxv rqhv1
Zh frqvlghu d surfxuhphqw sureohp4 lq zklfk d sulqflsdo sod|v djdlqvw d frqwlqxxp ri djhqwv zkr
kdyh d khwhurjhqrxv frpsrqhqw lq wkhlu frvw ri ehfrplqj fruuxsw1 Djhqwv olyh iru wzr shulrgv dqg dw hdfk
gdwh wkh sulqflsdo idfhv wzr gl￿huhqw jhqhudwlrqv ri djhqwv/ wkh |rxqj dqg wkh rog1 Wkh prgho zh ghyhors
lv edvhg xsrq wkuhh edvlf revhuydwlrqv=
D14 Vlqfh djhqwv zkr ehfrph fruuxsw kdyh d uhodwlyho| orz fruuxswlrq frvw/ wkh uhsodfhphqw ri djhqwv
ghwhfwhg dv fruuxsw zlwk xqnqrzq djhqwv/ ohdgv wr wkh uhsodfhphqw ri djhqwv zlwk d orz h{shfwhg
frvw ri ehfrplqj fruuxsw zlwk djhqwv zlwk d kljkhu h{shfwhg frvw ri ehfrplqj fruuxsw1 Wklv lpsolhv
wkdw wkh klvwrulfdo ohyhov ri fruuxswlrq d￿hfw wkh glvwulexwlrq ri wkh djhqwv* fruuxswlrq frvwv1
D15 Lqvwlwxwlrqv qhjdwlyho| d￿hfwhg e| fruuxswlrq uhvsrqg rswlpdoo| wr lw/ uhgxflqj wkh sd|r￿ iurp ehlqj
fruuxsw zkhq fruuxswlrq lv h{shfwhg wr eh zlghvsuhdg1
D16 Shrsoh fkrrvh rswlpdoo| wkh wlph dw zklfk wkh| jhw fruuxsw wudglqj r￿ fxuuhqw sd|r￿ djdlqvw wkh
srvvleoh orvv ri ixwxuh fruuxswlrq rssruwxqlwlhv uhvxowlqj iurp glvfkdujh1
Rxu pdlq uhvxow lv wkdw wkh klvwrulfdo ohyhov ri fruuxswlrq pd| kdyh d orqj odvwlqj lpsdfw rq fruuxswlrq1
Vshfl￿fdoo|/ zh vkrz wkdw d xqltxh vwhdg| vwdwh h{lvwv dqg wkdw wkh g|qdplfv fdq eh fkdudfwhul}hg dv
iroorzv=
41 Li wkh fxuuhqw ohyho ri fruuxswlrq lv kljkhu wkdq wkh vwhdg| vwdwh/ fruuxswlrq zloo prqrwrqlfdoo| frq0
yhujh grzq wr lw>
4Rqh ri wkh ￿uvw sdshuv rq fruuxswlrq/ Urvh0Dfnhupdq +4<:8,/ frqfhqwudwhg rq sxeolf surfxuhphqw dqg dujxhg wkdw wklv
lv d vlwxdwlrq wkdw ohqgv lwvhoi wr fruuxsw ehkdylru dv wkh idfw wkdw wkh jryhuqphqw lv riwhq wkh rqo| ex|hu +olnh lq ghihqvh
surfxuhphqw frqwudfwv, dqg wkh idfw wkdw wkh surgxfw ru vhuylfh ehlqj erxjkw duh qrw krprjhqhrxv lpso| wkdw olwwoh pdunhw
lqirupdwlrq lv dydlodeoh wr prqlwru wkh ghflvlrq pdnlqj surfhvv1
451 Vxusulvlqjo|/ li wkh fxuuhqw ohyho ri fruuxswlrq lv orzhu wkdq wkh vwhdg| vwdwh/ fruuxswlrq zloo ￿uvw
mxps xs dqg deryh wkh vwhdg| vwdwh dqg zloo wkhq frqyhujh prqrwrqlfdoo| grzq wr lw1
Zh dsso| wkhvh uhvxowv wr vwxg| wkh g|qdplfv iroorzlqj d qxpehu ri gl￿huhqw h{rjhqrxv whpsrudu| ru
shupdqhqw vkrfnv1
Rqh ri wkh lpsolfdwlrqv zh glvfxvv lv wkdw d vrflhw| wkdw kdv qrw kdg ydoxdeoh fruuxswlrq rssruwxqlwlhv
lq wkh sdvw kdv idlohg wr vfuhhq sduw ri lwv fruuxsw phpehuv dzd| dqg lv wkhuhiruh oldeoh wr h{shulhqfh
vxgghq lqfuhdvhv lq wkh ohyho ri fruuxswlrq li qhz fruuxswlrq rssruwxqlwlhv dulvh1 Wklv uhvxow lv uhplqlvfhqw
ri Wkh pdq wkdw fruuxswhg Kdgoh|exuj d wdoh lq zklfk Pdun Wzdlq +4;<<, uhodwhv krz d pdq pdqdjhv wr
lqgxfh dq dpd}lqj vxujh lq fruuxswlrq dprqj wkh flwl}hqv ri Kdgoh|exuj/ d flw| nqrzq iru klv klvwrulfdo
uhsxwdwlrq iru krqhvw|1 Lq wkh pdq*v rzq zrugv= ￿\rx zhuh hdv| jdph1 ^111‘ Dv vrrq dv L irxqg rxw wkdw
|rx fduhixoo| dqg yljlodqwo| nhsw |rxuvhoi dqg |rxu fkloguhq rxw ri whpswdwlrq/ L nqhz krz wr surfhhg1
Zk|/ |rx vlpsoh fuhdwxuhv/ wkh zhdnhvw ri doo zhdn wklqjv lv d yluwxh wkdw kdv qrw ehhq whvwhg lq wkh ￿uh1￿5
Zh vhh Wkh pdq wkdw fruuxswhg Kdgoh|exuj dv d phwdskru ri wkh klvwrulfdo ghshqgdqfh ri fruuxswlrq dqg
zh kdyh wkhuhiruh whuphg rxu pdlq uhvxow wkh ￿Kdgoh|exuj h￿hfw￿1
Rxu sdshu lv uhodwhg wr d qxpehu ri rwkhu zrunv lq wkh duhd1 Lq wkh prgho zh sursrvh wkh sulqflsdo
uhvsrqgv wr wkh h{lvwhqfh ri fruuxswlrq e| glvwruwlqj wkh surfxuhphqw phfkdqlvp dzd| iurp wkh ￿uvw ehvw
zlwkrxw fruuxswlrq1 Wkh lghd wkdw wkh srvvlelolw| ri fruuxswlrq lpsolhv glvwruwlrqv lq doorfdwlrq phfkdqlvpv
zdv ￿uvw lqwurgxfhg e| Edq￿hog +4<:8,1 Od￿rqw dqg Wluroh +4<<4, irupdol}hg wklv lqwxlwlrq frqvlghulqj
d vlpsoh surfxuhphqw prgho lq zklfk wkh djhqw kdv wr fkrrvh d vxssolhu/ dqg vkrzlqj wkdw wkh rswlpdo
phfkdqlvp pd| lqgxfh wkh sulqflsdo wr ljqruh txdolw| dowrjhwkhu1 Lq Fhohqwdql dqg Jdqx}d +4<<:, zh
jhqhudol}hg wklv surfxuhphqw prgho dorqj wkh olqhv ri wkh olwhudwxuh rq rswlpdo surfxuhphqw phfkdqlvpv
dqg vwxglhg wkh htxloleulxp g|qdplfv ri fruuxswlrq zkhq djhqwv zkr duh ghwhfwhg dv fruuxsw idfh d yhu|
kljk shqdow| iru uhlwhudwhg zurqj grlqj1
Wkh vwxg| ri fruuxswlrq lq d g|qdplf vhwwlqj zdv slrqhhuhg e| Oxl +4<;9, dqg Dqgylj dqg Prhqh
+4<<3,1 Rxu lqlwldo vhwxs lv vlplodu wr wkh rqh lqwurgxfhg e| Oxl +4<;9, zkr dqdo|}hv wzr ryhuodsslqj
jhqhudwlrqv ri sxeolf r!fldov olylqj iru wzr shulrgv1 Lq Oxl +4<;9, qr sulqflsdo sod|v dq dfwlyh uroh djdlqvw
fruuxswlrq1 Kh dvvxphv wkdw wkh dprxqw ri uhvrxufhv doorfdwhg wr prqlwrulqj lv jlyhq dqg wkdw/ ehfdxvh
ri djhqwv* frooxvlrq/ wkh ghwhfwlrq suredelolw| lv ghfuhdvlqj lq wkh wrwdo qxpehu ri fruuxsw djhqwv1 Jlyhq d
￿{hg euleh/ Oxl +4<;9, dqdo|}hv wkh vwhdg| vwdwhv ri wkh v|vwhp dqg krz wkh| uhvsrqg wr fkdqjhv lq wkh
h{rjhqrxv sdudphwhuv/ olnh wkh dprxqw ri uhvrxufhv doorfdwhg wr prqlwrulqj/ ru fruuxswlrq shqdowlhv1 Dv zloo
eh fohdu iurp vhfwlrq 5/ zh dvvxph wkdw wkh ghwhfwlrq suredelolw| lv ￿{hg/ zkloh wkh sulqflsdo*v surfxuhphqw
5Wzdlq +4;<<,/ s1 791 Lwdolf lq wkh ruljlqdo1
5ghflvlrqv duh doorzhg wr eh ghshqghqw rq wrwdo fruuxswlrq/ dqg zh vwxg| htxloleulxp fruuxswlrq doorzlqj
eulehv wr eh hqgrjhqrxvo| ghwhuplqhg1
Dqgylj dqg Prhqh +4<<3, frqvlghu d vlwxdwlrq vlplodu wr wkh rqh ghvfulehg e| Oxl +4<;9, lq wkdw/ zkloh
wkh prqlwrulqj suredelolw| lv ￿{hg/ lw lv dvvxphg wkdw prqlwrulqj lv shuiruphg e| shhuv vr wkdw li d fruuxsw
djhqw lv ryhuvhhq e| d fruuxsw froohdjxh/ wkh iruphu zloo euleh wkh odwwhu lqwr qrw jlylqj klp lq/ vr wkdw
wkh h{shfwhg shqdow| iru ehlqj fruuxsw ghfuhdvhv zlwk wrwdo fruuxswlrq1 Vlqfh wkh frvw ri ￿qglqj d fruuxsw
djhqw lv orzhu wkh kljkhu wkhlu qxpehu/ sulydwh sduwlhv duh dovr pruh zloolqj wr jhw lqyroyhg lq fruuxsw
wudqvdfwlrq wkh pruh djhqwv wkh| h{shfw wr eh fruuxsw1 Dv lq Oxl +4<;9,/ Dqgylj dqg Prhqh +4<<3, gr qrw
h{solflwo| prgho d sulqflsdo zkr sod|v dq| dfwlyh uroh lq wkh ￿jkw djdlqvw fruuxswlrq/ dsduw iurp vhwwlqj
￿{hg prqlwrulqj suredelolwlhv dqg shqdowlhv/ dqg wkhlu dqdo|vlv lv pdlqo| irfxvhg rq vwhdg| vwdwhv1
Pruh uhfhqwo| Wluroh +4<<9, kdv vkrzq krz klvwru| fdq kdyh dq lpsdfw rq htxloleulxp fruuxswlrq
wkurxjk wkh lqwhusod| ri lqglylgxdo dqg froohfwlyh uhsxwdwlrqv ri d vhw ri djhqwv1 Wluroh +4<<9, frqvlghuv
ryhuodsslqj jhqhudwlrqv zlwk d Srlvvrq ghdwk dqg uhsodfhphqw surfhvv dqg vwxglhv d vlwxdwlrq lq zklfk
d sulqflsdo kdv wr ghflgh zkhwkhu wr wuxvw djhqwv ru qrw/ ghshqglqj rq dq lpshuihfw uhfrug ri wkhlu sdvw
ehkdylru1 Li djhqwv ghflgh wr eh fruuxsw lq rqh shulrg/ wkh| jhw dq h{wud sd|r￿ exw idfh wkh srvvlelolw| ri
orvlqj wkh sulqflsdo*v ixwxuh wuxvw zklfk lpsolhv orzhu ixwxuh sd|r￿v1 Dv lv fohdu/ wkh wkuhdw ri orvlqj wkh
sulqflsdo*v wuxvw fdq kdyh dq lpsdfw rqo| li wkh sulqflsdo lv h{shfwhg wr wuxvw djhqwv zlwk vsrwohvv uhfrugv
lq wkh ixwxuh1 Li/ rq wkh rwkhu kdqg/ wkh sulqflsdo lv h{shfwhg wr glvwuxvw doo djhqwv/ uhjdugohvv ri wkhlu
uhfrug/ dv lv wkh fdvh zkhq wkh sulqflsdo h{shfwv pdq| ri wkhp wr jhw fruuxsw/ wkh wkuhdw ri ixwxuh orvvhv dv
frqvhtxhqfhv ri fxuuhqw fruuxsw ehkdylru glvdsshdu/ dqg wkh sur￿wdelolw| ri fruuxswlrq lqfuhdvhv1 Lq wklv
vhqvh wkh sur￿wdelolw| ri fruuxswlrq lv lqghshqghqw ri frqwhpsrudqhrxv wrwdo fruuxswlrq exw lv lqfuhdvlqj
lq ixwxuh wrwdo fruuxswlrq1
Dowkrxjk wkh ghwdlov ri wkh prghov duh yhu| gl￿huhqw/ zh wklqn wkdw rxu sdshu lv prvw vlplodu lq vslulw
wr Wluroh +4<<9, dv zh h{solflwo| prgho wkh uroh sod|hg e| wkh sulqflsdo dqg ehfdxvh zh dovr irfxv rq wkh
zd| lq zklfk klvwru| d￿hfwv htxloleulxp ehkdylru1
D vljql￿fdqw gl￿huhqfh ri wklv sdshu zlwk uhvshfw wr wkh sdshuv phqwlrqhg deryh lv wkdw zkloh wkh|
dvvxph lq d zd| ru dqrwkhu wkdw wkh sur￿wdelolw| ri fruuxswlrq lv lqfuhdvlqj lq +fxuuhqw ru ixwxuh, fruuxswlrq
zh pdlqwdlq wkdw lw lv ghfuhdvlqj lq frqwhpsrudqhrxv fruuxswlrq1 Dv d frqvhtxhqfh zkloh doo wkh sdshuv
phqwlrqhg deryh/ h{klelw lq jhqhudo wkh srvvlelolw| ri pxowlsoh vwhdg| vwdwhv/ lq rxu prgho wkhuh zloo h{lvw
d xqltxh vwhdg| vwdwh/ vr wkdw zh fdq dffrxqw iru orqj uxq gl￿huhqfhv lq fruuxswlrq rqo| wkurxjk gl￿huhqw
ixqgdphqwdov dqg qrw wkurxjk wkh vhohfwlrq ri gl￿huhqw htxloleuld ru gl￿huhqw lqlwldo frqglwlrqv1 Rxu pdlq
irfxv/ rq wkh rwkhu kdqg/ zloo eh rq wkh g|qdplfv ri fruuxswlrq dzd| iurp wkh vwhdg| vwdwh1
6Wkh sdshu lv vwuxfwxuhg lq wkh iroorzlqj zd|1 Vhfwlrq 5 suhvhqwv wkh surfxuhphqw prgho ghvfulehg deryh
dqg vwxglhv wkh htxloleulxp lq wkh vwdwlf vhwwlqj1 Wr gr wklv zh ￿uvw ghwhuplqh wkh rswlpdo surfxuhphqw
phfkdqlvp fkrvhq e| d sulqflsdo zkr eholhyhv wkdw d jlyhq iudfwlrq ri klv djhqwv duh fruuxsw1 Zh wkhq vwxg|
djhqwv* fruuxswlrq ghflvlrqv jlyhq d surfxuhphqw phfkdqlvp +vhw e| wkh sulqflsdo,1 Ilqdoo| wkh htxloleulxp
ohyho ri fruuxswlrq dqg surfxuhphqw phfkdqlvp lv irxqg iru wkh vwdwlf prgho1 Vhfwlrq 6 lqwurgxfhv wkh
g|qdplf vhwwlqj zklfk lv wkh pdlq irfxv ri wkh sdshu dqg vhfwlrq 7 fkdudfwhul}hv wkh htxloleulxp g|qdplfv
ri fruuxswlrq1 Vhfwlrq 8 dssolhv wkh uhvxow ri wkh suhylrxv vhfwlrq dqg vwxglhv wkh g|qdplfv ri fruuxswlrq
iroorzlqj erwk whpsrudu| dqg shupdqhqw vkrfnv1 Lq vhfwlrq 9 zh glvfxvv rxu pdlq ￿qglqjv1 Doo surriv dqg
dq dgglwlrqdo uhvxow duh suhvhqwhg lq wkh Dsshqglfhv1
5 Fruuxswlrq lq d vwdwlf vhwwlqj
Frqvlghu d vlwxdwlrq lq zklfk d sulqflsdo +wkh dgplqlvwudwlrq, ghohjdwhv dq djhqw +sxeolf r!fldo, wkh
sxufkdvh ri d jrrg ru wkh uhdol}dwlrq ri d surmhfw zklfk fdq kdyh gl￿huhqw fkdudfwhulvwlfv vxppdul}hg lq
d txdolw| ohyho wkdw hqwhuv wkh sulqflsdo*v xwlolw| ixqfwlrq/ XS+s>t,@Y+ t ,￿s / zkhuh t lv wkh txdolw| ri
wkh surmhfw dqg s lwv sulfh1 Wkh surmhfw lv wr eh fduulhg rxw e| d ￿up zkrvh frvw ri surgxflqj txdolw|
t lv frpprqo| nqrzq wr eh F+t,1 Wkh ￿up lv dvvxphg wr eh ulvn0qhxwudo vr wkdw lwv sd|r￿ ixqfwlrq lv
XI+s>t,@s￿F + t ,dqg lwv uhvhuydwlrq ohyho lv qrupdol}hg wr }hur1 Vlqfh F+t, lv dvvxphg wr eh frpprq
nqrzohgjh/ wkh sulfh zklfk lv sdlg wr wkh ￿up iru d jlyhq txdolw| ohyho t lv wkh sulfh wkdw pdnhv lwv sur￿w
htxdo wr }hur/ s @ F+t,16
Lq wkh iroorzlqj zh zloo frqvlghu sd|r￿ dqg frvw ixqfwlrqv wkdw vdwlvi| wkh iroorzlqj frqglwlrqv= +d, Y +=,
lv wzlfh frqwlqxrxvo| gl￿huhqwldeoh/ Y 3 +=, A 3/ Y 33 +=, ? 3/ olpt$3. Y 3 +t,@. 4 /olpt$.4 Y 3 +t,@3 >+ e ,
F+ = ,lv wzlfh frqwlqxrxvo| gl￿huhqwldeoh> F3 +=, A 3 / F33 +=, ￿ 31 Lq rughu wr jlyh d pruh frqfuhwh  dyru wr
vrph ri wkh uhvxowv/ zh zloo rffdvlrqdoo| frqfhqwudwh rq wkh fdvh lq zklfk Y +t, @ orjt dqg F+t,@￿￿t 1
Wkh djhqw lv deoh wr yhuli| zkhwkhu gholyhuhg txdolw| frlqflghv zlwk wkh ohyho vshfl￿hg lq wkh surfxuhphqw
frqwudfw dqg kdv wkh rswlrq ri plvuhsuhvhqwlqj klv lqirupdwlrq dqg +loohjdoo|, doorzlqj wkh ￿up wr vxsso|
d orzhu ohyho ri txdolw|/ tf/ lq h{fkdqjh iru d uhzdug +euleh,1
Li dq djhqw jhwv fruuxsw/ kh lv ghwhfwhg zlwk suredelolw| ￿/ dqg lq wklv fdvh kh dqg wkh ￿up lqyroyhg
lq wkh fruuxsw wudqvdfwlrq duh lpsrvhg shqdowlhv/ ED dqg EI/ uhvshfwlyho|1 Wkh ghwhfwlrq suredelolw| ￿
dqg wkh shqdowlhv ED dqg EI duh wkrxjkw ri dv ihdwxuhv ri wkh ohjdo iudphzrun dqg lq wkh iroorzlqj zloo
wkhuhiruh eh dvvxphg wr eh h{rjhqrxvo| jlyhq1 Li dq djhqw grhv qrw jhw fruuxsw/ ru li kh grhv exw kh lv qrw
6Wkh sxusrvh ri orrnlqj dw vxfk d vlpsol￿hg vhwwlqj lv wr dyrlg xqqhfhvvdu| frpsolfdwlrqv/ hvshfldoo| vlqfh wkh pdlq irfxv
ri wkh sdshu lv wr orrn dw wkh g|qdplfv ri fruuxswlrq1 Wkh uhdghu lqwhuhvwhg lq d pruh uhdolvwlf ghvfulswlrq ri wklv nlqg
ri sureohp lv uhihuuhg wr Fhohqwdql dqg Jdqx}d +4<<:, lq zklfk zh dvvxphg wkh h{lvwhqfh ri d ￿qlwh qxpehu ri srwhqwldo
frqwudfwruv dqg dv|pphwulf lqirupdwlrq rq wkhlu frvw ixqfwlrqv1 Wkh prgho zh suhvhqw khuh uhwdlqv doo wkh uhohydqw ihdwxuhv
ri wklv pruh uhdolvwlf vhwwlqj zkloh vlpsoli|lqj wkh ghulydwlrq ri wkh uhvxowv1
7ghwhfwhg/ kh lv sdlg d ￿{hg zdjh zklfk lv qrupdol}hg wr }hur1
Djhqwv duh ulvn0qhxwudo dqg duh dvvxphg wr eh khwhurjhqhrxv lq dq dgglwlrqdo frpsrqhqw ri wkh frvw ri




{ ￿ ￿ li fruuxsw
zkhuh { lv h{shfwhg lqfrph +lqfoxglqj/ srvvleo|/ dq| eulehv sdlg e| ￿upv ru h{shfwhg shqdowlhv hqvxlqj iurp
fruuxsw dfwlylw|, dqg ￿ lv wkh khwhurjhqrxv frvw frpsrqhqw wkdw fdq eh jlyhq gl￿huhqw lqwhusuhwdwlrqv/ h1j1/
d prudo frvw +wkh glvxwlolw| dq djhqw ghulyhv iurp hqjdjlqj lq dq loohjdo dfwlylw|, ru wkh frvw ri duudqjlqj d
fruuxsw wudqvdfwlrq1 Wr vlpsoli| qrwdwlrq zh zloo dvvxph wkdw ￿ lv xqlirupo| glvwulexwhg rq ^3>4‘1 Lq wkh
uhpdlqghu ri wkh sdshu zh zloo dozd|v uhihu wr ￿ dv wkh fruuxswlrq frvw/ dowkrxjk lw vkrxog eh fohdu wkdw lw
grhv qrw lqfoxgh wkh h{solflw frvw ri ehfrplqj fruuxsw dvvrfldwhg zlwk wkh srvvlelolw| ri ehlqj ￿qhg1
Vxppdul}lqj/ wkh wlph vhtxhqfh ri wkh prgho lv wkh iroorzlqj=
41 Djhqwv sulydwho| ohduq wkhlu w|sh/ ￿1
51 Wkh sulqflsdo dqqrxqfhv wkh uhtxluhg txdolw| ohyho/ t1 Vlpxowdqhrxvo| djhqwv ghflgh zkhwkhu wr jhw
fruuxsw ru qrw1 Li dq djhqw ghflghv wr eh krqhvw/ kh lqvwuxfwv wkh ￿up wr surgxfh wkh uhtxluhg
txdolw| ohyho dqg uhlpexuvhv lw wkh frvw ri surgxflqj lw/ F +t,17 Li dq djhqw ghflghv wr jhw fruuxsw/ kh
edujdlqv zlwk wkh ￿up ryhu d euleh e wr eh uhfhlyhg lq h{fkdqjh iru wkh djuhhphqw wkdw wkh ￿up zloo
eh shuplwwhg wr gholyhu txdolw| ohyho tf udwkhu wkdq wkh rqh vhw e| wkh sulqflsdo zkloh vwloo uhfhlylqj
d frvw uhlpexuvhphqw iru wkh uhtxluhg txdolw| ohyho1
61 Zlwk suredelolw| ￿ wkh sulqflsdo jhwv d shuihfw vljqdo ri gholyhuhg txdolw|1 Li wkh gholyhuhg txdolw| lv
ohvv wkdq wkh uhtxluhg rqh/ wkh djhqw dqg wkh ￿up duh lpsrvhg shqdowlhv ED dqg EI1
Wkh qh{w vxevhfwlrq zloo fkdudfwhul}h wkh rswlpdo txdolw| ohyho iru d fdvh lq zklfk d ￿{hg iudfwlrq ri
wkh djhqwv ￿ duh nqrzq wr eh fruuxsw1 Vxevhfwlrq 515 zloo wkhq vwxg| krz djhqwv wdnh d udwlrqdo ghflvlrq
wr jhw fruuxsw lq wkh idfh ri d jlyhq txdolw| ohyho uhtxluhg e| wkh sulqflsdo1 Vxevhfwlrq 516 surylghv wkh
htxloleulxp ohyhov ri fruuxswlrq dqg txdolw| lq d vwdwlf vhwwlqj1
514 Wkh rswlpdo txdolw| uhtxluhphqw zlwk fruuxsw djhqwv
Vxssrvh wkh sulqflsdo vhwv d txdolw| vwdqgdug t1 Lq wklv fdvh dq krqhvw djhqw jxdudqwhhv wkdw wkh gholyhuhg
txdolw| lv wkh uhtxluhg rqh dqg sd|v wkh ￿up d sulfh htxdo wr wkh frvw ri surgxflqj lw/ F +t,1 D fruuxsw
djhqw uhtxluhv rqo| txdolw| tf ri wkh ￿up exw dqqrxqfhv wkdw wkh gholyhuhg txdolw| lv t dqg dffruglqjo|
7Uhfdoo wkdw wkh ￿up*v uhvhuydwlrq ohyho lv dvvxphg wr eh 31
8sd|v F +t, wr wkh ￿up1 Jlyhq wklv/ zkhq wkh sulqflsdo eholhyhv wkdw zlwk suredelolw| ￿ wkh djhqw lv fruuxsw/
klv pd{lpl}dwlrq sureohp zloo eh
pd{
t +4 ￿ ￿,+Y+t,￿F+t,, . ￿ +Y +tf, ￿ F +t,, @ +4 ￿ ￿,Y +t,.￿Y+tf,￿F+t,
dqg wkh rswlpdo txdolw| ohyho jlyhq d suredelolw| ￿ iru wkh djhqw wr eh fruuxsw/ t +￿,/ lv jlyhq e| wkh
iroorzlqj ￿uvw0rughu frqglwlrq=
+4 ￿ ￿,Y 3 +t+￿,, @ F3 +t +￿,, +4,
htxdwlqj wkh h{shfwhg pdujlqdo ydoxh ri txdolw| wr lwv pdujlqdo frvw1 Lw lv hdv| wr vhh wkdw/ xqghu wkh
dvvxpswlrqv vshfl￿hg deryh/ t +￿, h{lvwv dqg lv xqltxh dqg wkdw
t3 +￿,@
Y3+ t ￿,
+4 ￿ ￿,Y 33+t￿, ￿ F33 +t￿,
? 3
vr wkdw wkh rswlpdo txdolw| ohyho lv ghfuhdvlqj lq wkh suredelolw| ri wkh djhqw ehlqj fruuxsw1 Lq wklv vlpsol￿hg
vhwwlqj wklv uhvxow uhfdoov Edq￿hog*v +4<:8, ylhz wkdw ￿^Q‘duurzlqj glvfuhwlrq ^111‘ zkloh suhyhqwlqj wkh djhqw
iurp grlqj +fruuxsw, wklqjv wkdw duh voljkwo| lqmxulrxv wr wkh sulqflsdo lw pd| dw wkh vdph wlph suhyhqw
klp iurp grlqj +qrq0fruuxsw, rqhv wkdw zrxog eh yhu| ehqh￿fldo wr klp1 Li vlpso| wr suhyhqw fruuxswlrq
dq djhqw lv jlyhq d qduurzhu glvfuhwlrq wkdq zrxog eh rswlpdo li wkhuh zhuh qr fruuxswlrq/ zkdwhyhu orvvhv
duh rffdvlrqhg e| klv kdylqj d vxe0rswlpdo euhdgwk ri glvfuhwlrq pxvw eh frxqwhg dv frvwv ri suhyhqwlqj
fruuxswlrq1￿8
Lw lv suredeo| lpsruwdqw wr foduli| dw wklv srlqw wkdw/ dv zdv vshoohg rxw lq wkh ehjlqqlqj ri wklv
vhfwlrq/ zh duh ghvfulelqj d vlwxdwlrq lq zklfk wkh sulqflsdo dqg wkh djhqwv pryh vlpxowdqhrxvo| vr wkdw
lq htxloleulxp wkh sulqflsdo pdnhv d txdolw| ghflvlrq zkloh wdnlqj wkh djhqwv* ghflvlrq wr eh fruuxsw dv
jlyhq1 Wklv lv wr vd| wkdw zh duh qrw doorzlqj wkh sulqflsdo wr vhw klv txdolw| vwdqgdug lq dgydqfh/ wkxv
hqgrzlqj klp zlwk wkh delolw| wr frpplw wr d txdolw| ohyho zklfk lv revhuyhg e| wkh djhqwv ehiruh wdnlqj
wkhlu ghflvlrq wr eh fruuxsw ru qrw1 Zlwk wklv vhw0xs wkh uhdvrq zk| wkh sulqflsdo vhwv d orzhu txdolw|
vwdqgdug zlwk fruuxswlrq lv/ dv vkrzq e| htxdwlrq +4,/ wkdw wkh h{shfwhg pdujlqdo ydoxh ri txdolw| t lv
ghfuhdvlqj lq wkh suredelolw| ri wkh djhqw ehlqj fruuxsw/ ￿/ dv txdolw| t lv rqo| gholyhuhg zlwk suredelolw|
4 ￿ ￿1
Lw lv hdv| wr vkrz wkdw li wkh sulqflsdo frxog revhuydeo| frpplw wr d txdolw| ohyho ehiruh wkh djhqwv
ghflghg zkhwkhu wr eh fruuxsw ru qrw/ wkh htxloleulxp ohyhov ri fruuxswlrq dqg txdolw| zrxog erwk eh orzhu
exw wkdw doo wkh g|qdplfv uhvxowv wr eh glvfxvvhg ehorz zrxog eh frq￿uphg1
8Edq￿hog +4<:8,/ s1 8<31
9515 Wkh ghflvlrq wr eh fruuxsw
Wkh jrdo ri wklv vxevhfwlrq lv wr vwxg| krz wkh sd|r￿ iurp ehlqj fruuxsw iru dq djhqw ghshqgv rq wkh
txdolw| vwdqgdug vhw e| wkh sulqflsdo dqg krz dq djhqw ghflghv zkhwkhu wr eh fruuxsw ru qrw jlyhq vxfk
txdolw| vwdqgdug1
Li dq djhqw ghflghv wr jhw fruuxsw/ kh edujdlqv zlwk wkh ￿up ryhu wkh euleh wr eh uhfhlyhg lq h{fkdqjh
iru wkh idfw wkdw wkh ￿up zloo eh sdlg F +t, exw zloo eh dvnhg wr gholyhu rqo| txdolw| tf ?t 1 Zh dvvxph
wkdw wkh rxwfrph ri wkh edujdlqlqj surfhvv ehwzhhq wkh fruuxsw djhqw dqg wkh ￿up lv wkh vroxwlrq ri d
jhqhudol}hg Qdvk edujdlqlqj sureohp lq zklfk wkh ￿up nqrzv wkh djhqw*v lglrv|qfudwlf fruuxswlrq frvw ￿19
Wklv dvvxpswlrq lv rqo| phdqw wr vlpsoli| wkh fdofxodwlrq ri wkh htxloleulxp lq wkh lqwhuwhpsrudo vhwwlqj
wr eh lqwurgxfhg dqg lv e| qr phdqv hvvhqwldo iru rxu uhvxowv1
Ohw ￿D +￿, ghqrwh wkh djuhhphqw sd|r￿ wr d +fruuxsw, djhqw zlwk fruuxswlrq frvw ￿/d q gg Dklv glv0
djuhhphqw srlqw1 Ohw ￿I+t, ghqrwh wkh djuhhphqw sd|r￿ iurp d fruuxsw wudqvdfwlrq wr wkh ￿up zkhq wkh
txdolw| vwdqgdug vhw e| wkh sulqflsdo lv t dqg ohw gI ghqrwh wkh ￿up*v glvdjuhhphqw srlqw1 Wkh euleh e zloo
wkhq eh jlyhq e| wkh vroxwlrq wr wkh iroorzlqj sureohp/ zkhuh lwv ghshqghqfh rq ￿ dqg t lv ohiw lpsolflw=
pd{
e
+￿D ￿ gD,￿+￿I ￿ gI,4￿￿
D w|sh ￿ fruuxsw djhqw*v djuhhphqw sd|r￿ lv
￿D @ e ￿ ￿ED ￿ ￿> +5,
l1h1/ euleh plqxv h{shfwhg shqdow|/ plqxv fruuxswlrq frvw> klv glvdjuhhphqw ohyho zloo vlpso| eh klv frqvwdqw
uhvhuydwlrq zdjh zklfk kdv ehhq qrupdol}hg wr }hur/ gD @3 1 Jlyhq txdolw| vwdqgdug t/ wkh ￿up*v djuhhphqw
sd|r￿ zloo eh
￿I+t,@F+ t ,￿F+ t f,￿e￿￿EI
l1h1/ wkh sd|phqw lw uhfhlyhv/ plqxv wkh frvw ri surgxflqj txdolw| tf/ plqxv wkh euleh/ plqxv wkh h{shfwhg
shqdow|> lwv glvdjuhhphqw srlqw zloo eh lwv sd|r￿ zlwkrxw fruuxswlrq/ gI @3 1 Jlyhq wklv/ lw lv hdv| wr vkrz
wkdw wkh htxloleulxp euleh sdlg e| wkh ￿up wr wkh djhqw lv
e @ ￿^F +t, ￿ F +tf, ￿ ￿EI‘.+ 4￿￿ ,^￿.￿ED‘ +6,
dqg lv wkhuhiruh lqfuhdvlqj lq wkh djhqw*v edujdlqlqj srzhu ￿1:
Zh qrz zdqw wr frpsxwh wkh suredelolw| wkdw dq djhqw ghflghv wr jhw fruuxsw zkhq wkh sulqflsdo vhwv
txdolw| vwdqgdug t1 Wr gr wklv zh qhhg wr frpsxwh wkh suredelolw| wkdw/ iru d jlyhq t/ wkh fruuxswlrq frvw
9Dq dowhuqdwlyh htxlydohqw irupxodwlrq lv wkh rqh sxuvxhg lq Fhohqwdql dqg Jdqx}d +4<<:, lq zklfk wkh pdwfklqj frvw q
lv d vxqn frvw wkdw grhv qrw hqwhu wkh edujdlqlqj sureohp1
:Qrwlfh wkdw ￿ E^￿3￿E^S￿3>￿8 3q 3>￿￿ : f lv d qhfhvvdu| frqglwlrq iru dq djuhhphqw wr wdnh sodfh dqg wklv lpsolhv
wkdw ￿ E^￿ 3 ￿ E^S￿ 3 >￿8 :qn>￿￿/ zklfk lq wxuq lpsolhv wkdw K lv lqfuhdvlqj lq k1
:ri dq djhqw lv vx!flhqwo| orz iru klp wr jhw fruuxsw/ ru htxlydohqwo| wkh w|sh ￿ +t, zkr lv h{dfwo| lqgl￿huhqw
ehwzhhq ehlqj krqhvw dqg fruuxsw1 Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw
￿ +t,@F+ t ,￿F+ t f,￿￿+ E D.E I,
ru/ ohwwlqj n @ F +tf,.￿+ E D.E I,ghqrwh wkh qrq0lglrv|qfudwlf frvw ri djuhhlqj wr +loohjdoo|, gholyhu
txdolw| tf/
￿ +t,@F+ t ,￿n +7,
Jlyhq ￿ kdv ehhq dvvxphg wr eh xqlirupo| glvwulexwhg rq ^3>4‘/ zlwkrxw orvv ri jhqhudolw|/ lq wkh iroorzlqj
zh zloo dozd|v dvvxph wkdw wkh w|sh ri djhqw zkr lv h{dfwo| lqgl￿huhqw ehwzhhq ehlqj fruuxsw ru qrw lv ohvv
wkdq ru htxdo wr 41 Xqghu wklv dvvxpswlrq wkh pdvv ri fruuxsw djhqwv zloo eh h{dfwo| wkh w|sh ri djhqw
zkr lv lqgl￿huhqw ehwzhhq ehlqj krqhvw dqg fruuxsw
￿ +t,@￿+ t ,= +8,
Vlqfh ￿
3 +=, A 3/ lw lv hdv| wr vhh wkdw wkh pdvv ri fruuxsw djhqwv lv lqfuhdvlqj lq wkh ghvluhg txdolw| ohyho
vhw e| wkh sulqflsdo1
516 Htxloleulxp lq d vwdwlf vhwwlqj
Wkh htxloleulxp ri wkh vwdwlf vhwwlqj lv jlyhq e| htxdwlrqv +4, dqg +8, uhsuhvhqwlqj wkh ehvw uhvsrqvh ri
wkh sulqflsdo wr wkh djjuhjdwh vwudwhj| ri wkh djhqwv dqg wkh djjuhjdwh ehvw uhvsrqvh ri wkh djhqwv wr wkh
vwudwhj| ri wkh sulqflsdo/ uhvshfwlyho|1 Vxevwlwxwlqj t +￿, lqwr +7, dqg +7, lqwr +8, zh jhw
￿ @ F +t +￿,, ￿ n= +9,
Ohw
￿+￿,@F+ t+ ￿ ,, ￿ n= +:,
Vlqfh ￿+￿,ghqrwhv wkh h{shfwhg sd|r￿ iurp ehlqj fruuxsw +jurvv ri wkh djhqwv* khwhurjhqhrxv fruuxswlrq
frvwv, zkhq fruuxswlrq lv htxdo wr ￿ dqg/ wkhuhiruh/ zkhq wkh sulqflsdo uhtxluhv txdolw| t +￿,/ lq wkh iroorzlqj
zh zloo uhihu wr lw dv wkh sur￿wdelolw| ri fruuxswlrq1 Vlqfh doo djhqw zlwk d fruuxswlrq frvw ohvv wkdq ru htxdo
wr wkh sur￿wdelolw| ri fruuxswlrq ghflgh wr eh fruuxsw/ iurp +9, dqg +:, wkh htxloleulxp ohyho ri fruuxswlrq/
e ￿/ lv gh￿qhg e| wkh iroorzlqj htxdwlrq
e ￿ @￿+ e ￿ ,= +;,
Vlqfh F3 +t +￿,, A 3 dqg t3 +￿, ? 3/ ￿3 +￿,@F 3+ t+ ￿ ,,t3 +￿, ? 31 Vlqfh t +4, @ 3> ￿+4, @ ￿n?3dqg d
vx!flhqw frqglwlrq iru dq lqwhulru htxloleulxp wr h{lvw lv ￿+3, @ F +t +3,, ￿ nA3 1
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Wkh vwdwlf prgho suhvhqwhg lq wklv vhfwlrq frxog eh xvhg iru frpsdudwlyh vwdwlfv h{huflvhv wr vwxg| wkh
frqvhtxhqfhv ri erwk whpsrudu| ru shupdqhqwv vkrfnv wr wkh sur￿wdelolw| ri fruuxswlrq1 Dv rqh frxog
h{shfw/ doo fkdqjhv lpso|lqj d kljkhu +orzhu, sur￿wdelolw| ri fruuxswlrq/ vxfk dv fkdqjhv lq wkh shqdowlhv/
ED dqg EI/ ru lq wkh suredelolw| ri ghwhfwlrq/ ￿/ zrxog ohdg wr kljkhu +orzhu, ohyhov ri fruuxswlrq1
Wkh sxusrvh ri wkh uhvw ri wkh sdshu lv wr vkrz wkdw wkh g|qdplfv ri fruuxswlrq fdq eh yhu| gl￿huhqw
iurp wkh lqwxlwlrq jdwkhuhg e| vxfk h{huflvhv li gl￿huhqw jhqhudwlrqv ri djhqwv ryhuods1
6 Lqwhuwhpsrudo rswlpl}dwlrq dqg wkh g|qdplfv ri fruuxswlrq
Vxssrvh wkdw dw hdfk gdwh w @3 >4 >5 >===wzr jhqhudwlrqv ri djhqwv h{lvw/ wkh |rxqj dqg wkh rog/ hdfk olylqj
iru wzr shulrgv dqg hdfk kdylqj xqlw pdvv1 Zkloh doo jhqhudwlrqv eruq iurp gdwh w @3rq zloo eh dvvxphg
wr eh lghqwlfdo dw eluwk/ lq wkdw wkh| kdyh wkh vdph suhihuhqfhv dqg fruuxswlrq frvwv gudzq iurp d xqlirup
glvwulexwlrq ryhu wkh lqwhuydo ^3>4‘/ wkh wzr jhqhudwlrqv wkdw ryhuods dw dq| gdwh w @4 >5 >===/ gl￿hu lq wkh
iroorzlqj uhvshfwv=
41 Vlqfh vrph ri wkh rog zhuh fruuxsw zkhq |rxqj dqg zlwk suredelolw| ￿ zhuh ghwhfwhg dqg uhsodfhg/;
wkh suredelolw| glvwulexwlrq ri wkh rog djhqwv* fruuxswlrq frvwv/ ￿/ zloo eh gl￿huhqw iurp wkh |rxqj
djhqwv* fruuhvsrqglqj glvwulexwlrq1
51 Vlqfh djhqwv olyh iru wzr shulrgv/ rog djhqwv gr qrw fduh derxw wkh ixwxuh zkhuhdv |rxqj djhqwv gr
vr orqj dv wkhlu glvfrxqw idfwru lv vwulfwo| srvlwlyh1 Hyhq wkrxjk doo wkh uhvxowv ri wkh sdshu krog iru
doo glvfrxqw idfwruv +hyhq 3,/< wr vlpsoli| qrwdwlrq/ zh zloo dvvxph wkdw wkh |rxqj djhqwv* glvfrxqw
idfwru lv htxdo wr 41
;Wkh uhsodfhphqw ri dq djhqw ghwhfwhg dv fruuxsw e| dqrwkhu djhqw lv glvfxvvhg ehorz1
<Vlqfh wkh txdolwdwlyh uhvxowv ri wkh sdshu krog dovr lq wkh fdvh lq zklfk wkh glvfrxqw idfwru lv htxdo wr 3/ wkh| lq idfw gr
qrw ghshqg rq |rxqj djhqwv ehlqj frqfhuqhg derxw wkh ixwxuh1 Zh wkdqn Fdqlfh Suhqghujdvw iru pdnlqj xv uhfrjql}h wkdw1
Wkh uhodwlrqvkls ehwzhhq wkh fdvh lq zklfk |rxqj djhqwv kdyh d 3 glvfrxqw idfwru dqg wkh fdvh lq zklfk wkh| fduh derxw
ixwxuh sd|r￿v lv glvfxvvhg lq vxevhfwlrq 7141
<Vlqfh zh zloo eh lqwhuhvwhg lq htxloleulxp vhtxhqfhv iroorzlqj h{rjhqrxv vkrfnv/ lq wkh iroorzlqj zh zloo
frqvlghu wkh srvvlelolw| wkdw wkh jhqhudwlrq ri rog djhqwv dolyh dw w @3kdv fruuxswlrq frvwv gudzq iurp dq
duelwudu| glvwulexwlrq ryhu wkh lqwhuydo ^3>4‘1
Zh dvvxph wkdw wkh sulqflsdo olyhv rqh shulrg rqo|/ ru htxlydohqwo| wkdw klv glvfrxqw idfwru lv htxdo wr
31 Zkloh vlpsoli|lqj wkh dqdo|vlv/ wklv dvvxpswlrq vhhpv uhdvrqdeoh dv wkh whqxuh ri d sulqflsdo +d wrs
pdqdjhu lq d ￿up/ d srolwlfdoo| dssrlqwhg wrs r!fldo lq d exuhdxfudf|/ ru dq hohfwhg jryhuqphqw lq d
ghprfudf|, lv xvxdoo| pxfk vkruwhu wkdq orzhu udqnhg r!fldov* whqxuhv1
Vlqfh |rxqj djhqwv zloo eh dolyh wrpruurz zkloh rog zloo qrw/ wkhlu ghflvlrqv zloo eh gl￿huhqw1 Vlqfh
rog djhqwv kdyh qr ixwxuh/ zh fdq xvh htxdwlrq +7, wr ghwhuplqh wkh w|sh ri rog djhqw lq w zkr zloo eh
lqgl￿huhqw ehwzhhq ehlqj fruuxsw ru qrw/ ￿
R
w / jlyhq wkh txdolw| vwdqgdug dw w/ tw +wkh ghshqghqfh ri ￿
R
w rq
tw zloo eh ohiw lpsolflw lq wkh iroorzlqj,=
￿
R
w @ F +tw, ￿ n= +<,
Dv lq vxevhfwlrq 515 zh zloo dvvxph zlwkrxw orvv ri jhqhudolw| wkdw ￿
R
w ￿ 41
\rxqj djhqwv pd| ghflgh wr jhw fruuxsw lq rqh/ wzr shulrgv/ ru qrqh dw doo1 Vlqfh/ krzhyhu/ dq djhqw
zkr lv ghwhfwhg dv fruuxsw zkhq |rxqj lv nqrzq wr kdyh d orz fruuxswlrq frvw/ lw lv uhdvrqdeoh wr dvvxph
wkdw kh lv ￿uhg dqg uhsodfhg e| dqrwkhu djhqw zkr lv gudzq iurp wkh sulru glvwulexwlrq rq ^3>4‘ dqg kdv
wkhuhiruh d kljkhu h{shfwhg fruuxswlrq frvw143 Dv zdv uhpdunhg deryh/ wkh idfw wkdw dq djhqw fdxjkw dv
fruuxsw lv uhsodfhg e| dqrwkhu djhqw kdv dq lpsdfw rq wkh glvwulexwlrq ri ixwxuh fruuxswlrq frvwv1
Wkh ghshqghqfh ri wkh glvwulexwlrq ri fruuxswlrq frvwv rq wkh sdvw fdq eh h{shfwhg wr kdyh lpsruwdqw
lpsolfdwlrqv rq htxloleulxp g|qdplfv ri fruuxswlrq dqg wkh uhvw ri wkh sdshu zloo sxuvxh wklv dujxphqw1
Wkh ghflvlrq ri d |rxqj djhqw lq w lv ghwhuplqhg e| wkh h{shfwhg sur￿wdelolw| ri fruuxswlrq lq w dqg lq
w.4zklfk duh xowlpdwho| ghwhuplqhg e| wkh +htxloleulxp, txdolw| vwdqgdugv lq wkhvh shulrgv/ tw dqg tw.41




w +tw>t w.4, ghqrwh wkh w|sh ri |rxqj djhqw lq w zkr lv h{dfwo| lqgl￿huhqw ehwzhhq ehlqj fruuxsw
ru qrw lq w jlyhq txdolw| ohyhov tw dqg tw.41 Vwudljkwiruzdug dowkrxjk whglrxv fdofxodwlrqv lq Dsshqgl{ D14





F+ t w, ￿ ￿￿F+tw.4,
4￿￿￿ ￿ n li tw ?t w .4
F +tw, ￿ n li tw ￿ tw.41
+43,
Vlqfh wkh sur￿wdelolw| ri fruuxswlrq lv lqfuhdvlqj lq t/ htxdwlrq +43, pdnhv lw fohdu wkdw li ixwxuh txdolw| lv
ohvv wkdq wkh fxuuhqw rqh/ tw ￿ tw.4/ wkh |rxqj djhqw zkr lv lqgl￿huhqw ehwzhhq ehlqj fruuxsw ru qrw lq w
43Wklv uhsodfhphqw phfkdqlvp lv pxfk pruh frpshoolqj rqfh zh uhfrjql}h wkdw/ dv lw zloo eh vkrzq ehorz/ lq htxloleulxp
dq djhqw zkr jrw fruuxsw zkhq |rxqj zloo ehfrph fruuxsw zlwk suredelolw| 4 zkhq rog1
43zloo qrw eh fruuxsw lq w .4 1 Wklv phdqv wkdw kh grhv qrw fduh derxw ixwxuh fruuxswlrq rssruwxqlwlhv dqg
wkhuhiruh kdv wkh vdph fruuxswlrq frvw dv wkh lqgl￿huhqw rog/ ￿
\
w +tw>t w.4,@F+ t w,￿n 1 E| wkh vdph wrnhq/
krzhyhu/ li tw ?t w .4/ d |rxqj djhqw zkr lv lqgl￿huhqw ehwzhhq ehlqj fruuxsw ru qrw lq w grhv fduh derxw
ixwxuh fruuxswlrq rssruwxqlwlhv dqg pd| wkhuhiruh eh lqgl￿huhqw ehwzhhq ehlqj fruuxsw ru qrw lq w rqo| li klv
fruuxswlrq frvw lv vx!flhqwo| orzhu wkdq wkh rqh ri wkh lqgl￿huhqw rog/ ￿
\
w +tw>t w.4,@
F + t w, ￿ ￿￿F+tw.4,
4￿￿￿ ￿n?
F+ t w,￿n 1
Xqghu wkh dvvxpswlrq wkdw ￿
\
w +tw>t w.4, ￿ 4 dqg uhfdoolqj wkdw wkh glvwulexwlrq ri ￿ kdv ehhq dvvxphg




w +tw>t w.4,= +44,
Wr frpsxwh wkh pdvv ri rog djhqwv zkr jhw fruuxsw lq w ￿ 4/ lw lv qhfhvvdu| wr nhhs lqwr dffrxqw wkdw
vrph ri wkhp douhdg| jrw fruuxsw lq w ￿ 4/ dqg d iudfwlrq ￿ ri wkrvh zhuh fdxjkw dqg/ kdylqj ehhq ￿uhg/
zloo qrw eh deoh wr jhw fruuxsw lq w1 Rq wkh rwkhu kdqg vlqfh wkh djhqwv zkr zhuh ghwhfwhg dv fruuxsw duh
uhsodfhg e| ￿qhz￿ rog djhqwv gudzq iurp wkh sulru glvwulexwlrq/ zh qhhg wr nhhs lqwr dffrxqw wkdw dovr
vrph ri wkh qhzo| kluhg djhqwv zloo ￿qg sur￿wdeoh wr eh fruuxsw1
Frqvlghu wkh glvwulexwlrq ri fruuxswlrq frvwv ri d jhqhudwlrq ri rog djhqwv vxfk wkdw doo w|shv ehorz ￿
3
zhuh fruuxsw zkhq |rxqj dqg d iudfwlrq ￿ ri wkhp zdv fdxjkw dqg ￿uhg dqg kdv ehhq uhsodfhg e| ￿qhz￿
rog djhqwv +zkr zloo olyh iru rqo| rqh shulrg44, gudzq iurp wkh sulru suredelolw| glvwulexwlrq/ zklfk lv wkh
xqlirup rq ^3>4‘1 Rq rqh vlgh wklv lpsolhv wkdw/ ehfdxvh ri wkh ￿ulqjv/ wkh ghqvlw| ri djhqwv zlwk fruuxswlrq
frvw ehorz ￿
3 lv uhgxfhg e| ￿1 Rq wkh rwkhu kdqg vlqfh ￿￿
3 djhqwv zhuh ￿uhg dqg wkh vdph pdvv ri djhqwv
lv kluhg lq uhsodfhphqw/ dqg vlqfh wkh vxevwlwxwhv duh gudzq iurp xqlirup glvwulexwlrq rq ^3>4‘/ wklv lpsolhv
wkdw ghqvlw| ￿￿
3 kdv wr eh dgghg iru doo ￿ 5 ^3>4‘1 Wkh qhz glvwulexwlrq fdq wkhq eh fkdudfwhul}hg e| wkh
iroorzlqj ghqvlw| ixqfwlrq/ zkhuh ￿
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44Lw lv lqwhuhvwlqj wr nqrz wkdw/ dffruglqj wr d vwxg| ri Wkh Hfrqrplvw zlwk wkh Hqulfr Pdwwhl Irxqgdwlrq rq wkh 433 prvw
srzhuixo srvwv lq Lwdo|/ ghvslwh ri wkh idfw wkdw lq wkh 8 |hduv iroorzlqj wkh 4<<5 Fohdq Kdqgv lqyhvwljdwlrq fdpsdljq wkh
wxuqryhu udwh kdv ehhq ri :4(/ xs iurp 87( lq hdfk ri wkh wzr ￿yh0|hdu shulrgv suhfhglqj 4<<5/ wkh dyhudjh djh ri shrsoh
kroglqj wkrvh srvwv zhqw grzq wr mxvw deryh 8< |hduv/ rqo| vl{ prqwkv ohvv wkdq 8 |hduv ehiruh> Wkh Hfrqrplvw +4<<:,1
44Wkh uhdvrq zk| w lv frqvwudlqhg wr eh juhdwhu wkdq ru htxdo wr 4 lv wkdw wkh htxdwlrq +47, surylghv wkh
pdvv ri rog djhqwv zkr jhw fruuxsw dw w xvlqj wkh glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv ghulyhg iurp
wkh iroorzlqj dvvxpswlrqv= 4, Wkdw wkh glvwulexwlrq ri wkhlu fruuxswlrq frvwv dw eluwk zdv wkh xqlirup ryhu
^3>4‘> 5, Wkdw doo w|shv ehorz ￿
\
w￿4 jrw fruuxsw dw wkh suhylrxv gdwh1 Dw w @3rq wkh rwkhu kdqg zh zdqw wr
frqvlghu wkh fdvh ri dq duelwudu| glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv dqg wklv lpsolhv wkdw htxdwlrq
























w li tw￿4 ￿ tw1
+48,
Wkh iroorzlqj vhfwlrq wxuqv wr wkh fkdudfwhul}dwlrq ri htxloleulxp vhtxhqfhv1
7 Htxloleulxp vhtxhqfhv ri fruuxswlrq
Wkh suhylrxv uhvxowv kdyh vkrzq krz wkh iudfwlrq ri rog dqg |rxqj djhqwv zkr ghflgh wr jhw fruuxsw
ghshqgv rq wkh g|qdplfv ri txdolw| lqglfhv1 Dsshqgl{ D15 vkrzv wkdw jlyhq tw￿4/ tw/d q gt w .4/ fruuxswlrq












+F +tw￿4, ￿ F +tw,,+4 ￿ ￿￿+F +tw, ￿ n,,‘
zkhuh ￿I dqg ￿S duh lqglfdwru ixqfwlrqv ghshqglqj uhvshfwlyho| rq wkh ixwxuh dqg sdvw g|qdplfv ri fru0
uxswlrq= ￿I @4li tw ?t w .4/ dqg ￿I @3rwkhuzlvh> ￿S @4li tw￿4 ?t w/d q g￿ S@3rwkhuzlvh1
Htxdwlrq +49, fdq eh lqwhusuhwhg dv iroorzv= Wkh ￿uvw whup jlyhv d ohyho ri fruuxswlrq wkdw ghshqgv rq
fxuuhqw txdolw| vwdqgdug dqg zkloh lw dovr ghshqgv rq wkh suhylrxv shulrg +devroxwh, txdolw| vwdqgdug/ lw lv
lqghshqghqw ri zkhwkhu txdolw| vwdqgdugv kdyh lqfuhdvhg ru ghfuhdvhg1 Uhdol}hg fruuxswlrq/ krzhyhu/ grhv
ghshqg rq zkhwkhu txdolw| vwdqgdugv lqfuhdvh ru ghfuhdvh ryhu wlph/ dqg wklv fdq dgg ru vxewudfw pdvv
ri fruuxsw djhqwv1 Zkhq tw ?t w .4/ |rxqj djhqwv iruhvhh wkdw wkhlu rssruwxqlwlhv wr jhw fruuxsw duh pruh
ydoxdeoh lq wkh ixwxuh wkdq wkh| duh qrz/ vlqfh kljkhu ixwxuh txdolw| vwdqgdugv lpso| wkdw wkh htxloleulxp
euleh zloo eh kljkhu> Iru wklv uhdvrq vrph |rxqj djhqwv zloo uhiudlq iurp jhwwlqj fruuxsw lq dqwlflsdwlrq ri
d kljkhu h{shfwhg sd|r￿ wrpruurz= Lq wklv fdvh ￿I @4dqg vlqfh
￿￿
4￿￿￿ +F +tw.4, ￿ F +tw,, A 3 d iudfwlrq
ri fruuxsw djhqwv lv wr eh vxewudfwhg1 Zkhq tw￿4 ?t w / wkh lqgl￿huhqw |rxqj djhqw lq w ￿ 4 k d gdo r z h u
fruuxswlrq frvw wkdq wkh lqgl￿huhqw rog lq w erwk ehfdxvh ri wkh gluhfw h￿hfw ri d orzhu txdolw| tw￿4 +wkdw
lpsolhv d orzhu sur￿wdelolw| ri fruuxswlrq, dqg ehfdxvh |rxqj djhqwv dqwlflsdwhg wkdw wkh rssruwxqlw| wr
45Wr vhh zk| | D ￿/ uhihu wr wkh glvfxvvlrq ri htxdwlrq +47,1
45eh fruuxsw zrxog eh pruh ydoxdeoh zkhq rog lq w1 Wklv phdqv wkdw d orzhu iudfwlrq ri rog djhqwv zdv
fdxjkw zkhq |rxqj zklfk lq wxuq lpsolhv wkdw wkh dyhudjh fruuxswlrq frvw ri rog djhqwv lv orzhu= Lq wklv
fdvh ￿S @4dqg vlqfh
￿
4￿￿￿ +F +tw￿4, ￿ F +tw,,+4￿￿￿+F +tw,￿n,, ? 3 d iudfwlrq ri djhqwv lv dgghg wr wkh
pdvv ri fruuxswlrq ghwhuplqhg e| wkh fxuuhqw ohyho ri glvfuhwlrq1
Qrz uhfdoo wkdw zh pdgh wkh dvvxpswlrq wkdw wkh sulqflsdo olyhg iru rqh shulrg rqo|/ ru/ htxlydohqwo|/
wkdw kh zdv frpsohwho| p|rslf1 Vxevwlwxwlqj wkh rswlpdo txdolw| vwdqgdug iru wkh vwdwlf vhwwlqj tw @ t +￿w,





+5 ￿ ￿,￿+￿w,.￿ ￿
￿


























zkhuh ￿I @4li ￿w A￿ w .4/ dqg ￿I @3rwkhuzlvh/ ￿S @4li ￿w￿4 A￿ w/d q g￿ S @3rwkhuzlvh1 Xvlqj wkh














zkhuh ￿I @4li ￿w A￿ w .4/d q g￿ I@3rwkhuzlvh/ ￿S @4li ￿w￿4 A￿ w/d q g￿ S@3rwkhuzlvh1
Wkh iroorzlqj sursrvlwlrq vwdwhv wkdw wkhuh lv d xqltxh vwhdg| vwdwh ri wkh htxloleulxp v|vwhp/ fkdudf0
whul}hv lw/ dqg surylghv lwv frpsdudwlyh vwdwlfv1
Sursrvlwlrq 4 +4, Wkhuh h{lvwv rqo| rqh vwhdg| vwdwh ri wkh htxloleulxp v|vwhp/ ￿￿1+ 5 ,O h w￿
\ ￿dqg ￿
R￿
eh wkh fruuxswlrq frvw wkdw pdnhv/ uhvshfwlyho|/ d |rxqj dqg dq rog djhqw lqgl￿huhqw ehwzhhq ehlqj fruuxsw
ru qrw lq wkh vwhdg| vwdwh1 Wkhq/ ￿
\ ￿ @ ￿
R￿ @ ￿
￿ @￿ + ￿ ￿ , 1 +6, Wkh vwhdg| vwdwh lv lqghshqghqw ri
wkh djhqwv* edujdlqlqj srzhu/ ￿/ dqg ghfuhdvlqj lq wkh ghwhfwlrq suredelolw|/ ￿/ shqdowlhv ED dqg EI/d q g
txdolw| gholyhuhg xqghu fruuxswlrq/ tf1
Surri1 Dsshqgl{ D161
Zkloh sduwv 4 dqg 6 ri Sursrvlwlrq 4 duh idluo| lqwxlwlyh/ lw lv suredeo| zruwk frpphqwlqj sduw 51 Sduw
5 vkrzv wkdw lq wkh vwhdg| vwdwh wkh fruuxswlrq frvw wkdw pdnhv djhqwv lqgl￿huhqw ehwzhhq ehlqj fruuxsw
ru qrw lv wkh vdph iru rog dqg |rxqj djhqwv1 Wkh uhdvrq zk| wklv lv wuxh lv wkdw lq wkh vwhdg| vwdwh wkh
h{shfwhg sur￿wdelolw| ri fruuxswlrq rssruwxqlwlhv lv frqvwdqw ryhu wlph dqg dq djhqw zkrvh fruuxswlrq frvw
lv vxfk wkdw kh lv lqgl￿huhqw zkhq rog ehwzhhq ehlqj fruuxsw ru qrw/ zkhq |rxqj dwwdfkhv }hur ydoxh wr
ixwxuh fruuxswlrq rssruwxqlwlhv dqg wkhuhiruh rqo| fduhv derxw fxuuhqw sd|r￿v￿mxvw olnh zkhq kh klpvhoi
zloo eh rog1
46Wr vhh zk| | D ￿/ djdlq/ uhihu wr wkh glvfxvvlrq ri htxdwlrq +47,1
46Qh{w sursrvlwlrq surylghv d frpsohwh fkdudfwhul}dwlrq ri wkh g|qdplfv ri htxloleulxp vhtxhqfhv ri
fruuxswlrq vwduwlqj iurp dq lqlwldo glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv1








































Udwkhu wkdq suhvhqwlqj wkh irupdo surri ri Sursrvlwlrq 5/ zklfk lv surylghg lq Dsshqgl{ D17/ wkh
iroorzlqj vxevhfwlrq zloo glvfxvv wkh lqwxlwlrq ehklqg lw1
714 Glvfxvvlrq
Sursrvlwlrq 5 fkdudfwhul}hv htxloleulxp vhtxhqfhv vwduwlqj iurp dq duelwudu| glvwulexwlrq ri rog djhqwv*
fruuxswlrq frvwv ghvfulehg e| lwv glvwulexwlrq ixqfwlrq1 Ehiruh glvfxvvlqj wkh lqwxlwlrq ri Sursrvlwlrq 5
lw lv lpsruwdqw wr qrwlfh wkdw/ jlyhq djhqwv duh khwhurjhqhrxv zlwk uhvshfw wr wkhlu fruuxswlrq frvwv/ wkh
dssursuldwh lqlwldo frqglwlrq lv qrw d ohyho ri fruuxswlrq/ exw wkh glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv/
dv wkh iruphu lv d vx!flhqw vwdwlvwlfv ri wkh odwwhu rqo| lq htxloleulxp vhtxhqfhv1
Erwk wr vlpsoli| wkh dujxphqwv wr eh suhvhqwhg dqg wr vkrz wkdw wkh| gr qrw ghshqg rq wkh idfw wkdw
|rxqj djhqwv fduh derxw wkh ixwxuh/ lq zkdw iroorzv zh zloo uhihu wr wkh fdvh lq zklfk djhqwv kdyh d 3
glvfrxqw idfwru1 Lq wklv fdvh |rxqj djhqwv dfw dv rog djhqwv dqg wkh w|sh ri |rxqj djhqw zkr zloo eh
lqgl￿huhqw ehwzhhq ehlqj fruuxsw ru qrw lv vlpso| ￿
\
w @￿ + ￿ w , 1 Diwhu frpsohwlqj wkh dujxphqw iru wklv
fdvh zh zloo dujxh wkdw wkh vdph uhvxowv kdyh wr krog zkhq |rxqj djhqwv fduh derxw wkh ixwxuh dqg wkdw
wkhuh lv d vhqvh lq zklfk wklv uhlqirufhv wkh dujxphqw wr eh glvfxvvhg qh{w1
47Sduw 4 ri Sursrvlwlrq 5 lv idluo| lqwxlwlyh1 Li wkh lqlwldo glvwulexwlrq J+=, lv vxfk wkdw rog djhqwv zkrvh
fruuxswlrq frvwv duh ohvv wkdq wkh sur￿wdelolw| ri fruuxswlrq lq wkh vwhdg| vwdwh/ ￿
￿ @￿+ ￿ ￿, / kdyh wkh vdph
pdvv dv lq wkh vwhdg| vwdwh +J+￿
￿,@I+ ￿
￿ >￿
￿>￿,,/ wkhq lq wkh xqltxh htxloleulxp vhtxhqfh fruuxswlrq
zloo dozd|v eh htxdo wr wkh vwhdg| vwdwh1




￿>￿,/ 1 Sduwv 5 dqg 6 ri Sursrvlwlrq 5 vwdwh wkh iroorzlqj=
+F4, Li wkh pdvv ri djhqwv zlwk d fruuxswlrq frvw orzhu wkdq wkdw ri wkh lqgl￿huhqw djhqw lq wkh vwhdg|




wkh ohyho ri fruuxswlrq lq w @3zloo eh kljkhu wkdq lq wkh vwhdg| vwdwh/ ￿3
3 A￿ ￿1
+F5, Li wkh pdvv ri djhqwv zlwk d fruuxswlrq frvw orzhu wkdq wkdw ri wkh lqgl￿huhqw djhqw lq wkh vwhdg|




wkh ohyho ri fruuxswlrq lq w @3zloo eh orzhu wkdq lq wkh vwhdg| vwdwh/ ￿3
3 ?￿ ￿1
Wr vhh wkh lqwxlwlrq ehklqg wkh suhylrxv vwdwhphqwv qrwlfh wkdw zkhq djhqwv kdyh d 3 glvfrxqw idfwru/
wkhlu ghflvlrqv dw dq| gdwh duh lqghshqghqw ri wkh ixwxuh1 Lq wkh vwhdg| vwdwh/ dv zdv vwdwhg lq Sursrvlwlrq
4z hk d y hw k d w￿
\￿@￿
R ￿@￿
￿@￿+ ￿ ￿, 1 Wklv phdqv wkdw lq hyhu| shulrg d pdvv ￿￿
￿ ri |rxqj djhqwv
duh ghwhfwhg dv fruuxsw dqg ￿uhg/ dqg duh uhsodfhg lq wkh iroorzlqj shulrg e| dq htxdo pdvv ri rog djhqwv
zkr duh gudzq iurp wkh sulru suredelolw| glvwulexwlrq1 Wkh frpelqdwlrq ri wkhvh wzr h￿hfwv ghwhuplqhv
wkh vwhdg| vwdwh glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv/ I +￿>￿
￿>￿,1
Qrwlfh dovr wkdw dw dq| gdwh wkh ohyho ri fruuxswlrq lv ghwhuplqhg e| wzr hohphqwv= +4, Wkh fruuxswlrq
frvw ri wkh djhqw zkr lv lqgl￿huhqw ehwzhhq ehlqj fruuxsw ru qrw +zkhq djhqwv duh p|rslf/ wklv lqgl￿huhqfh
fruuxswlrq frvw lv wkh vdph iru erwk wkh |rxqj dqg wkh rog djhqwv dqg lv htxdo wr wkh sur￿wdelolw| ri
fruuxswlrq/ ￿+￿w,,> +5, Wkh glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv1
Frqvlghu qrz fdvh +F4, dqg vxssrvh wkdw/ frxqwhu wr wkh fodlp/ wkh ohyho ri fruuxswlrq lv ehorz wkh
vwhdg| vwdwh1 Li fruuxswlrq lv ehorz wkh vwhdg| vwdwh/ wkh sur￿wdelolw| ri fruuxswlrq lv kljkhu dqg vr lv
wkh lqgl￿huhqfh fruuxswlrq frvwv iru erwk wkh |rxqj dqg wkh rog1 Wklv lpsolhv wkdw iru fruuxswlrq wr eh
ehorz wkh vwhdg| vwdwh/ d qhfhvvdu| frqglwlrq lv wkdw wkh pdvv ri rog djhqwv zlwk fruuxswlrq frvwv ehorz
wkh vwhdg| vwdwh lqgl￿huhqw djhqw fruuxswlrq frvw lv orzhu wkdq wkh fruuhvsrqglqj pdvv iru wkh vwhdg| vwdwh
glvwulexwlrq1 Vlqfh wklv lv mxvw wkh rssrvlwh ri wkh frqglwlrq lq fdvh +F4, d frqwudglfwlrq lv rewdlqhg dqg
wkh ohyho ri fruuxswlrq lv vhhq wr eh kljkhu wkdq lq wkh vwhdg| vwdwh1 D sdudooho dujxphqw h{sodlqv zk|
xqghu wkh frqglwlrq ri fdvh +F5, wkh lqlwldo ohyho ri fruuxswlrq kdv wr eh orzhu wkdq lq wkh vwhdg| vwdwh1
Kdylqj fkdudfwhul}hg fruuxswlrq lq w @3 / zh qrz pryh rq wr wkh fkdudfwhul}dwlrq ri htxloleulxp lq
w @4 >5 >===1 Frqvlghu wkh iroorzlqj txhvwlrqv=
48￿ Zloo dq lqlwldo ohyho ri fruuxswlrq deryh wkh vwhdg| vwdwh +￿3
3 A￿ ￿ , jhqhudwh d glvwulexwlrq ri rog
djhqwv* fruuxswlrq frvwv vdwlvi|lqj frqglwlrq +F4, ru +F5, lq w @4 B
￿ Zloo dq lqlwldo ohyho ri fruuxswlrq ehorz wkh vwhdg| vwdwh +￿3
3 ?￿ ￿ , jhqhudwh d glvwulexwlrq ri rog
djhqwv* fruuxswlrq frvwv vdwlvi|lqj frqglwlrq +F4, ru +F5, lq w @4 B
Wkh uhsodfhphqw ri fruuxsw djhqwv/ vxusulvlqjo|/ lpsolhv wkdw wkh dqvzhu wr erwk txhvwlrqv lv +F4,/ vr
wkdw wkh ohyho ri fruuxswlrq iurp wkh vhfrqg shulrg rq zloo eh kljkhu wkdq lq wkh vwhdg| vwdwh1 Wr vhh wkh
lqwxlwlrq ehklqg wklv uhvxow frqvlghu wkh iroorzlqj dujxphqwv1
Vxssrvh fruuxswlrq lv deryh wkh vwhdg| vwdwh1 Wklv phdqv wkdw/ jlyhq wkh sur￿wdelolw| ri fruuxswlrq
lv ehorz lwv vwhdg| vwdwh ohyho/ vrph djhqwv zkr zrxog eh fruuxsw lq wkh vwhdg| vwdwh lq idfw fkrrvh qrw
wr eh fruuxsw1 Wklv phdqv wkdw/ dv frpsduhg zlwk wkh vwhdg| vwdwh/ zkhq fruuxswlrq lv deryh wkh vwhdg|
vwdwh/ wkh uhsodfhphqw ri vrph djhqwv zlwk fruuxswlrq frvwv ehorz wkh vwhdg| vwdwh lqgl￿huhqfh ohyho zlwk
djhqwv zkrvh fruuxswlrq frvwv fdq eh erwk ehorz ru deryh wkh vwhdg| vwdwh lqgl￿huhqfh ohyho idlov wr rffxu1
Wklv lq wxuq lpsolhv wkdw wkh pdvv ri rog djhqwv zlwk fruuxswlrq frvwv ohvv wkdq ru htxdo wr wkh vwhdg|
vwdwh lqgl￿huhqfh ohyho lv kljkhu wkdq wkh fruuhvsrqglqj pdvv lq wkh vwhdg| vwdwh glvwulexwlrq/ dqg d ohyho
ri fruuxswlrq deryh wkh vwhdg| vwdwh jhqhudwhv d glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv wkdw vdwlv￿hv
frqglwlrq +F4,1
Vxssrvh qrz fruuxswlrq lv ehorz wkh vwhdg| vwdwh1 Wklv phdqv wkdw/ jlyhq wkh sur￿wdelolw| ri fruuxswlrq
lv deryh lwv vwhdg| vwdwh ohyho/ vrph djhqwv zkr zrxog qrw eh fruuxsw lq wkh vwhdg| vwdwh lq idfw fkrrvh wr
eh fruuxsw1 Wklv phdqv wkdw/ dv frpsduhg zlwk wkh vwhdg| vwdwh/ zkhq fruuxswlrq lv ehorz wkh vwhdg| vwdwh/
vrph djhqwv zlwk fruuxswlrq frvwv deryh wkh vwhdg| vwdwh lqgl￿huhqfh ohyho duh uhsodfhg zlwk djhqwv zkrvh
fruuxswlrq frvwv fdq eh erwk ehorz ru deryh wkh vwhdg| vwdwh lqgl￿huhqfh1 Wklv lq wxuq lpsolhv wkdw wkh
pdvv ri rog djhqwv zlwk fruuxswlrq frvwv ohvv wkdq ru htxdo wr wkh vwhdg| vwdwh lqgl￿huhqfh ohyho lv kljkhu
wkdq wkh fruuhvsrqglqj pdvv lq wkh vwhdg| vwdwh glvwulexwlrq/ vr wkdw d ohyho ri fruuxswlrq ehorz wkh vwhdg|
vwdwh jhqhudwhv d glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv wkdw/ djdlq/ vdwlv￿hv frqglwlrq +F4,1
Jlyhq wkh deryh dujxphqwv fdq eh uhlwhudwhg zh qrz nqrz wkdw dsduw iurp wkh lqlwldo shulrg/ w @3 /
fruuxswlrq lq doo vxevhtxhqw shulrgv zloo eh deryh wkh vwhdg| vwdwh1
Sduwv 5 dqg 6 ri Sursrvlwlrq 5 dovr fodlp wkdw fruuxswlrq lq shulrgv w @4 >5 >===lv vwulfwo| ghfuhdvlqj1
















49Ilqdoo|/ uhfdoo iurp +48, wkdw zkhq fruuxswlrq lv lqfuhdvlqj/ ￿w ?￿ w .4/
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w.4 @+ 4￿￿ ,￿
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lv hdv| wr vhh wkdw htxdwlrqv +58, dqg +59, duh lqfrqvlvwhqw zlwk ￿w.4 A￿ ￿1 Wklv vkrzv wkdw qr w @4 >5 >===
fdq h{lvw vxfk wkdw ￿w ?￿ w .4 iru w @4 > 5 >===/ vr wkdw htxloleulxp vhtxhqfhv kdyh wr eh ghfuhdvlqj dqg
wkhuhiruh frqyhujlqj wr wkh vwhdg| vwdwh1
Zh fdoo wkh uhvxow ri Sursrvlwlrq 5 wkh ￿Kdgoh|exuj h￿hfw￿ vlqfh lw vwuhvvhv wkh g|qdplf lpsolfdwlrqv ri
wkh klvwrulfdo ohyhov ri fruuxswlrq h{hpsol￿hg lq Wkh Pdq wkdw fruuxswhg Kdgoh|exuj wkdw uhodwhv krz wkh
sdvw devhqfh ri fruuxswlrq rssruwxqlwlhv pd| pdnh d vrflhw| yxoqhudeoh wr fxuuhqw fruuxswlrq rssruwxqlwlhv
dv vwdwhg lq frqglwlrq +F5,1 Wkh forvlqj ri wkh wdoh vxppdul}hv krz wkh flwl}hqv ri Kdgoh|exuj ehfdph
dzduh ri wkh g|qdplf lpsolfdwlrqv ri wkh odfn ri fruuxswlrq rssruwxqlwlhv= ￿E| dfw ri wkh Ohjlvodwxuh￿xsrq
sud|hu dqg shwlwlrq￿Kdgoh|exuj zdv doorzhg wr fkdqjh lwv qdph wr +qhyhu plqg zkdw￿L zloo qrw jlyh lw
dzd|,/ dqg ohdyh rqh zrug rxw ri wkh prwwr wkdw iru pdq| jhqhudwlrqv kdg judfhg wkh wrzq*v r!fldo vhdo1￿
^Vhh ￿jxuh 8‘47
Dv frpsduhg zlwk wkh fdvh lq zklfk wkhlu glvfrxqw idfwru lv htxdo wr 3/ zkhq |rxqj djhqwv fduh derxw
wkh ixwxuh/ wkh| dgmxvw wkhlu fkrlfhv rqo| li ixwxuh fruuxswlrq rssruwxqlwlhv duh pruh sur￿wdeoh wkdq fxuuhqw
rqhv/ l1h1/ rqo| li ixwxuh fruuxswlrq lv dqwlflsdwhg wr eh orzhu wkdq fxuuhqw1 Wklv lv wdnhq lqwr dffrxqw lq




zklfk lv qrq}hur rqo| li ￿w A￿ w .41
Jlyhq wkh uhvxowv glvfxvvhg deryh/ zh fdq qrz dvn wkh iroorzlqj txhvwlrq= Gr wkh txdolwdwlyh ihdwxuhv
ri htxloleulxp vhtxhqfhv iru }hur glvfrxqw idfwru fdvh fkdqjh zkhq |rxqj djhqwv fduh derxw wkh ixwxuhB Lq
sduwlfxodu/ fdq htxloleulxp vhtxhqfhv lq wkh odwwhu fdvh eh lqfuhdvlqjB
Wkh dqvzhu wr wklv txhvwlrq lv qr/ dv/ li wkh| zhuh lqfuhdvlqj/ dowkrxjk |rxqj djhqwv fduh derxw wkh
ixwxuh/ wkhlu dqwlflsdwlrq ri kljkhu fruuxswlrq dqg wkhuhiruh ri ohvv sur￿wdeoh fruuxswlrq rssruwxqlwlhv
zrxog pdnh wkhp glvuhjdug wkh ixwxuh dqg dfw dv li wkh| zhuh p|rslf1 Lq irupdo whupv/ wklv zrxog lpso|
￿I @3dqg htxdwlrq +4;, zrxog eh wkh vdph dv lq wkh fdvh lq zklfk djhqwv duh qrw iruzdug orrnlqj iru
47Wzdlq +4;<<,/ sdjh 931
4:zklfk htxloleulxp vhtxhqfhv kdyh ehhq vkrzq wr eh ghfuhdvlqj1 Vlplodu dujxphqwv fdq eh xvhg wr uxoh rxw
qrqprqrwrqlf vhtxhqfhv48 dqg wkh uhvxow lv wkdw/ dzd| iurp wkh vwhdg| vwdwh/ htxloleulxp vhtxhqfhv kdyh
wr eh vwulfwo| ghfuhdvlqj zklfk lpsolhv wkdw wkh| kdyh wr frqyhujh wr wkh vwhdg| vwdwh iurp deryh1
Vlqfh fruuxswlrq lv ghfuhdvlqj/ wkh g|qdplfv ri wkh v|vwhp lv ghvfulehg e| htxdwlrq +4;, zlwk ￿I @
￿S @4 1 Jlyhq lq wklv fdvh fruuxswlrq dw dq| gdwh w ghshqgv erwk rq wkh klvwrulfdo ohyho ri fruuxswlrq dqg
rq wkh h{shfwdwlrq rq lwv ixwxuh ohyhov/ lw vhhpv lq sulqflsoh srvvleoh wkdw htxloleulxp vhtxhqfhv pd| eh
qrw xqltxh dv d orzhu ohyho ri fruuxswlrq dw gdwh w pd| uhvxow li fruuxswlrq dw gdwh w.4lv dovr h{shfwhg wr
eh orzhu1 Wkh surri ri Sursrvlwlrq 5 vkrzv wkdw wklv lv qrw srvvleoh dv iru wzr gl￿huhqw ohyhov ri fruuxswlrq
dw gdwh w wr ehorqj wr gl￿huhqw htxloleulxp vhtxhqfhv/ lw lv vhhq wkdw wkh gl￿huhqfhv ri wkh hohphqwv ri wkh
frqwlqxdwlrq vhtxhqfhv kdyh wr eh lqfuhdvlqj1 Vlqfh wklv lv lqfrqvlvwhqw zlwk wkh idfw wkdw erwk frqwlqxdwlrq
vhtxhqfhv whqg wr wkh vwhdg| vwdwh/ htxloleulxp vhtxhqfhv duh vkrzq wr eh joredoo| xqltxh1
Wr frpsduh wkh fdvh lq zklfk |rxqj djhqwv gr qrw fduh derxw ixwxuh sd|r￿v zlwk wkh fdvh lq zklfk wkh|
gr/ qrwlfh wkdw lq wkh iruphu fdvh wkh| p|rslfdoo| ljqruh wkdw fruuxswlrq rssruwxqlwlhv duh pruh ydoxdeoh
lq wkh ixwxuh dv fruuxswlrq ghfuhdvhv ryhu wlph1 Iru wklv uhdvrq/ |rxqj djhqwv duh pruh surqh wr fruuxswlrq




fruuxswlrq zloo xqdpeljxrxvo| eh kljkhu lq wkh ￿uvw shulrg1
E| wkh vdph wrnhq/ zkhq djhqwv gr fduh derxw ixwxuh sd|r￿v/ wkh suhylrxv dujxphqw lpsolhv wkdw wkh
glvwulexwlrq ri rog djhqwv lq wkh iroorzlqj shulrg zloo kdyh d kljkhu pdvv ri djhqwv zlwk fruuxswlrq frvwv
ehorz wkh vwhdg| vwdwh ohyho/ vlqfh pruh djhqwv zlwk fruuxswlrq frvwv ehorz wkh vwhdg| vwdwh lqgl￿huhqfh
ohyho kdyh uhiudlqhg iurp ehlqj fruuxsw lq dqwlflsdwlrq ri ixwxuh pruh ydoxdeoh fruuxswlrq rssruwxqlwlhv1
Wklv h￿hfw pd| lq idfw pruh wkdq frpshqvdwh wkh orzhu fruuxswlrq surshqvlw| ri |rxqj djhqwv lq wkh
iroorzlqj shulrg/ vr wkdw fruuxswlrq lq wkh iroorzlqj shulrg pd| eh kljkhu wkdq lq wkh fdvh lq zklfk djhqwv
duh p|rslf1 Iru wklv uhdvrq lw lv srvvleoh wkdw/ zkloh wkh vwduwlqj srlqw ri wkh htxloleulxp vhtxhqfh lv kljkhu
zkhq djhqwv duh p|rslf wkdq zkhq wkh| fduh derxw ixwxuh sd|r￿v/ frqyhujhqfh lq wkh odwwhu fdvh pd| eh




￿ >￿,/ rq wkh rwkhu kdqg wkh ohyho ri fruuxswlrq lq w @3zloo eh wkh vdph lq
erwk fdvhv dqg zloo wkhq eh kljkhu lq w @4lq wkh fdvh ri p|rslf djhqwv1 Wkh vdph dujxphqwv glvfxvvhg
deryh pd| eh dssolhg iru wkh frqwlqxdwlrq vhtxhqfhv vwduwlqj iurp w @5 1
715 Dgglwlrqdo fkdudfwhul}dwlrq ri htxloleulxp vhtxhqfhv
Wkh iroorzlqj Sursrvlwlrq surylghv dq dgglwlrqdo fkdudfwhul}dwlrq ri htxloleulxp vhtxhqfhv1
48Zkhq |rxqj djhqwv fduh derxw wkh ixwxuh/ htxloleulxp vhtxhqfhv duh fkdudfwhul}hg e| vhfrqg rughu gl￿huhqfh htxd0
wlrqv1 Iru wklv uhdvrq/ wr frqfoxgh wkdw htxloleulxp vhtxhqfhv duh ghfuhdvlqj/ lw lv qhfhvvdu| wr dovr uxoh rxw qrqprqrwrqlf
vxevhtxhqfhv1 Wkh Dsshqgl{ surylghv d irupdo surri ri wklv uhvxow1
4;Sursrvlwlrq 6 +4, Frqvlghu wzr gl￿huhqw htxloleulxp vhtxhqfhv i￿wj dqg i￿3
wj/ hdfk dvvrfldwhg wr d jlyhq
lqlwldo glvwulexwlrq1 Vxssrvh wkdw ￿￿ ￿ ￿￿/ ￿3
￿ A￿ ￿ /d q g￿ ￿ ?￿ 3
￿ > wkhq ￿w ?￿ 3
wiru doo w ￿ ￿1+ 5 ,
Lq htxloleulxp fruuxswlrq lv dozd|v orzhu wkdq lq wkh vwdwlf vhwwlqj/ ￿w ￿ e ￿/ ;w1 +6, Iru doo htxloleulxp









Sduw 4 ri Sursrvlwlrq 6 vwdwhv wkdw htxloleulxp vhtxhqfhv duh prqrwrqlf lq wkh vhqvh wkdw li zh frqvlghu
wzr gl￿huhqw htxloleulxp vhtxhqfhv wkdw kdyh gl￿huhqw ydoxhv ri fruuxswlrq dw d jlyhq gdwh ￿ / erwk qr orzhu
wkdq vwhdg| vwdwh fruuxswlrq/ ￿￿/ wkh udqnlqj ehwzhhq ohyhov ri fruuxswlrq lv suhvhuyhg dw doo vxevhtxhqw
gdwhv1 Sduw 5 lv vwudljkwiruzdug1 Sduw 6 vkrzv wkdw rxwvlgh ri wkh vwhdg| vwdwh rog djhqwv kdyh d kljkhu




w iru doo w149 Lw vkrxog eh vwuhvvhg wkdw wklv lv qrw wr vd| wkdw rog
djhqwv dffrxqw iru pruh wkdq kdoi ri fruuxswlrq dw dq| srlqw lq wlph dv wkh glvwulexwlrq ri rog djhqwv kdv
d orzhu pdvv ri djhqwv zlwk orz ￿/ dv vrph ri wkhp zhuh ghwhfwhg dv fruuxsw zkhq |rxqj dqg uhsodfhg1
8 Wkh g|qdplf uhvsrqvh ri fruuxswlrq
Rqh ri wkh pdlq uhdvrqv wr ghyhors d g|qdplf prgho ri fruuxswlrq lv wr eh deoh wr pdnh suhglfwlrqv derxw
wkh uhvsrqvh ri fruuxswlrq wr vkrfnv wkdw d￿hfw lwv sur￿wdelolw| lq whpsrudu| ru shupdqhqw zd|v dqg dv d
frqvhtxhqfh wr hvwdeolvk wkh ghvludelolw| ri wkhvh vkrfnv1
Wkh sxusrvh ri wklv vhfwlrq lv wr xvh wkh uhvxowv vxppdul}hg lq Sursrvlwlrqv 5 dqg 6 wr vwxg| htxloleulxp
vhtxhqfhv vwduwlqj diwhu d whpsrudu| vkrfn ru diwhu d shupdqhqw dqg xqiruhvhhq fkdqjh ri ixqgdphqwdov
wkdw lpsolhv d gl￿huhqw vwhdg| vwdwh ohyho ri fruuxswlrq1
814 Uhvsrqvh wr whpsrudu| vkrfnv
Wkh iroorzlqj sursrvlwlrq fkdudfwhul}hv wkh g|qdplfv ri fruuxswlrq iroorzlqj d whpsrudu| vkrfn wr wkh
sur￿wdelolw| ri fruuxswlrq14:
Sursrvlwlrq 7 Vxssrvh wkh v|vwhp zdv lq wkh vwhdg| vwdwh ￿￿ dw w @3dqg wkdw d whpsrudu| vkrfn wr vrph
sdudphwhu +rwkhu wkdq ￿, rffxuv iru shulrg w @4rqo| fkdqjlqj wkh sur￿wdelolw| ri fruuxswlrq wr h ￿+￿,/ +dqg
ehfrplqj nqrzq ehiruh sod|huv sod|,1 Wkhq=
49Wkh vdph uhvxow kdv ehhq rewdlqhg lq d gl￿huhqw prgho e| Oxl +4<;9, dqg lv frqvlvwhqw zlwk Urvh0Dfnhupdq*v +4<:;,
fodlp wkdw odph0gxfn srolwlfldqv duh hvshfldoo| vxvfhswleoh wr eulehv1
4:Dv iru wkh fdvh ri Sursrvlwlrq 9 ehorz/ lq wkh iroorzlqj Sursrvlwlrq zh ljqruh wkh fdvhv lq zklfk wkh fkdqjh lq wkh h{fhvv
sur￿wdelolw| ri fruuxswlrq lv ghwhuplqhg e| d fkdqjh lq wkh prqlwrulqj suredelolw| xqiruhvhhq xqwlo wkh ehjlqqlqj ri shulrg ￿1
D vlplodu uhvxow fdq eh suryhq xvlqj d voljkwo| pruh lqyroyhg dujxphqw1 Qrwlfh/ krzhyhu/ wkdw Sursrvlwlrq 8 ehorz frqvlghuv
wkh fdvh ri d fkdqjh lq wkh prqlwrulqj suredelolw| xqiruhvhhq xqwlo wkh hqg ri shulrg ￿1
4<41 Li wkh vkrfn lqfuhdvhg wkh sur￿wdelolw| ri fruuxswlrq/ h ￿+￿,A￿+￿,/;￿5^3>e ￿,
￿4 A￿ 5A￿ 6A===A￿￿=
51 Li wkh vkrfn ghfuhdvhg wkh sur￿wdelolw| ri fruuxswlrq/ h ￿+￿,?￿+￿,/ ;￿5^3>e ￿,
￿4 ?￿ ￿ dqg ￿5 A￿ 6A===A￿ ￿=
Surri1 Dsshqgl{ D191
Sduw 4 ri Sursrvlwlrq 7 vkrzv wkdw dq lqfuhdvh lq wkh sur￿wdelolw| ri fruuxswlrq/ hyhq li lw lv whpsrudu|/
pd| ohdg wr lqfuhdvhg ohyhov ri fruuxswlrq ryhu d orqj shulrg ri wlph/ dv wkh lqlwldo ohyho ri fruuxswlrq deryh
wkh vwhdg| vwdwh lpsolhv wkdw wkh glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv lq wkh iroorzlqj shulrg vdwlv￿hv
frqglwlrq ri fdvh +F4,1 Dv zdv dujxhg lq vxevhfwlrq 714/ wklv lpsolhv wkdw fruuxswlrq lq shulrgv w @5 >6 >===
zloo eh deryh wkh vwhdg| vwdwh/ dowkrxjk frqyhujlqj wr lw1
Dq h{dpsoh ri wkh fdvh frqvlghuhg lq sduw 4 ri Sursrvlwlrq 7 lv wkh zdyh ri sulydwl}dwlrqv ri vwdwh
hqwhusulvhv lq pdq| iruphu frppxqlvw eorf frxqwulhv dv zhoo dv Lqgld dqg Ph{lfr wkdw kdv fuhdwhg yhu|
sur￿wdeoh dowkrxjk whpsrudu| fruuxswlrq rssruwxqlwlhv14; Sursrvlwlrq 7 vkrzv wkdw wkh qhjdwlyh h￿hfwv lq
whupv ri fruuxswlrq pd| zhoo odvw eh|rqg wkh sulydwl}dwlrq shulrg dqg surylghv d udwlrqdoh iru wkh vxvwdlqhg
ohyhov ri fruuxswlrq wkdw duh ehlqj grfxphqwhg lq wkrvh frxqwulhv14<
Sduw 5 ri Sursrvlwlrq 7/ rq wkh rwkhu kdqg/ vkrzv wkdw d whpsrudu| ghfuhdvh lq wkh sur￿wdelolw| ri
fruuxswlrq/ li ehqh￿fldo lq wkh vkruw uxq/ lv frxqwhusurgxfwlyh lq wkh orqj uxq1 Wklv lv d gluhfw frqvhtxhqfh
ri wkh idfw wkdw dowkrxjk d whpsrudu| ghfuhdvh lq wkh sur￿wdelolw| ri fruuxswlrq ohdgv wr dq lqvwdqwdqhrxv
ghfuhdvh ri fruuxswlrq/ wkh idfw wkdw vrph djhqwv wkdw zrxog eh fruuxsw lq wkh vwhdg| vwdwh fkrrvh lq idfw
qrw wr eh fruuxsw lq wkh shulrg lq zklfk wkh vkrfn wdnhv sodfh lpsolhv wkdw wkh glvwulexwlrq ri rog djhqwv*
fruuxswlrq frvwv lq wkh iroorzlqj shulrg zloo vdwlvi| frqglwlrq +F4, glvfxvvhg rq sdjh 48 dqg fruuxswlrq lq
doo iroorzlqj shulrgv zloo wkhuhiruh eh deryh wkh vwhdg| vwdwh dowkrxjk frqyhujlqj edfn grzq wr lw1 Lw lv
hyhq srvvleoh wkdw wkh orqj uxq h￿hfwv pruh wkdq frpshqvdwh iru wkh vkruw uxq jdlqv lq wkh vhqvh wkdw wkh
dyhudjh ohyho ri fruuxswlrq iroorzlqj d whpsrudu| ghfuhdvh lq wkh sur￿wdelolw| ri fruuxswlrq lv kljkhu wkdq
wkh vwhdg| vwdwh ohyho ri fruuxswlrq1
Zkloh Sursrvlwlrq 7 ghdov zlwk fkdqjhv wkdw zhuh xqiruhvhhq xqwlo wkh ehjlqqlqj ri d jlyhq shulrg +vr
wkdw wkh| zhuh xqiruhvhhq e| wkh |rxqj zkhq wkh| pdgh wkhlu fkrlfhv lq wkh suhylrxv shulrg exw qrw e|
wkh djhqwv/ |rxqj ru rog/ zkr duh fxuuhqwo| dolyh,/ wkh qh{w Sursrvlwlrq frqvlghuv wkh fdvh ri d whpsrudu|
4;Fhodulhu +4<<:, surylghv lqwhuhvwlqj dffrxqwv ri vxfk fruuxswlrq rssruwxqlwlhv dqg krz wkh| kdyh ehhq h{sorlwhg1
4<Wkh uhdghu pljkw ￿qg lqwuljxlqj wr nqrz wkdw sduw 4 ri Sursrvlwlrq 7 dovr jlyhv dq dffxudwh ghvfulswlrq ri wkh g|qdplfv ri
fruuxswlrq lq Kdgoh|exuj iroorzlqj dq xqiruhvhhq whpsrudu| fruuxswlrq rssruwxqlw|1 Diwhu wkh vxgghq lqfuhdvh lq fruuxswlrq
uhodwhg lq wkh wdoh/ Kdgoh|exuj hyhqwxdoo| uhyhuwhg wr ehlqj ￿^111‘ dq krqhvw wrzq rqfh pruh1 Dqg wkh pdq zloo kdyh wr ulvh
hduo| wr fdwfk lw qdsslqj djdlq1￿ Wzdlq +4;<<,/ sdjh 931
53fkdqjh lq wkh prqlwrulqj suredelolw| iru rqh shulrg wkdw wdnhv sodfh dw wkh hqg ri wkh shulrg/ l1h1/ diwhu
djhqwv fxuuhqwo| dolyh kdyh pdgh wkhlu fkrlfhv153 Zh frqvlghu wklv fdvh dv zh duh lqwhuhvwhg lq wkh orqj
uxq h￿hfwv ri vkruw olyhg dqwl0fruuxswlrq fdpsdljqv/ vxfk dv dq dpqhvw| iru ￿upv wkdw ghqrxqfh fruuxsw
djhqwv +zklfk lpsolhv d prqlwrulqj suredelolw| htxdo wr 4,/ dqg ri vkruw vshoov ri uhod{hg prqlwrulqj1
Sursrvlwlrq 8 Vxssrvh wkh v|vwhp zdv lq wkh vwhdg| vwdwh ￿￿ dw w @3dqg wkdw +xqiruhvhhq xqwlo wkh hqg
ri shulrg 4, wkh suredelolw| ri ghwhfwlrq +iru shulrg 4 rqo|, fkdqjhv iurp ￿ wr ￿31
41 Li ￿3 A￿ / wkhq ￿4 @ ￿￿/ ￿5 ?￿ ￿ dqg ￿6 A￿ 7A===A￿ ￿>
51 Li ￿3 ?￿ / wkhq ￿4 @ ￿￿/ ￿5 A￿ 6A￿ 7A===A￿ ￿1
Surri1 Dsshqgl{ D1:1
Sursrvlwlrq 8 vkrzv wkdw/ zkloh wkh idfw wkdw wkh fkdqjh lq wkh prqlwrulqj suredelolw| ￿ lv xqiruhvhhq
xqwlo wkh hqg ri shulrg 4 lpsolhv wkdw djhqwv* ghflvlrqv gr qrw fkdqjh +dqg wkhuhiruh ￿4 @ ￿￿,/ wkh fkdqjh
lq ￿ lqgxfhv d fkdqjh lq wkh glvwulexwlrq ri rog djhqwv* fruuxswlrq frvwv lq wkh iroorzlqj shulrg1 Li ￿3 A￿ /
wklv glvwulexwlrq zloo vdwlvi| frqglwlrq +F5,/ dqg li ￿3 ?￿ / lw zloo vdwlvi| frqglwlrq +F4, dqg wkh vwdwhg
uhvxowv rq wkh frqwlqxdwlrq vhtxhqfhv duh vwudljkwiruzdug dssolfdwlrqv ri Sursrvlwlrq 51
Sduw 4 ri Sursrvlwlrq 8 vkrzv wkdw vkruw vzhhslqj dqwlfruuxswlrq fdpsdljqv/ vxfk dv wkh Lwdoldq ￿Fohdq
Kdqgv￿ ri 4<<50<6/ duh qrw rqo| xvhohvv lq wkh orqj uxq/ wkh| duh frxqwhusurgxfwlyh1 Zlwk uhvshfw wr wklv
uhvxow lw lv lqwhuhvwlqj wr qrwlfh wkdw wkh uhfhqw srolwlfdo ghedwh rq wkh xowlpdwh frqvhtxhqfhv ri ￿Fohdq
Kdqgv￿ kdv yrlfhg wkh frqfhuq wkdw/ dv Sduw 4 ri Sursrvlwlrq 8 suhglfwv/ dsduw iurp d vkruw shulrg ri
ehqh￿fldo h￿hfwv/ Lwdoldq fruuxswlrq lv qrz hyhq kljkhu wkdq ehiruh wkh dqwlfruuxswlrq fdpsdljq1
Sduw 5 ri Sursrvlwlrq 8 vkrzv wkdw hyhq d vkruw0olyhg ghfuhdvh lq wkh ghwhfwlrq suredelolw| ri fruuxsw
djuhhphqwv kdv orqj odvwlqj frqvhtxhqfhv1
Wkh suhylrxv uhvxowv fdvw d grxew rq wkh ghvludelolw| ri whpsrudu| vkrfnv wr srolf| sdudphwhuv/ vxfk dv
￿/ ED/d q gE I/ dv/ zkloh wkh lpphgldwh frqvhtxhqfhv pd| eh srvlwlyh ru qhjdwlyh/ dq| whpsrudu| ghyldwlrq
iurp wkh vwhdg| vwdwh kdv qhjdwlyh orqj uxq frqvhtxhqfhv lq wkh vhqvh wkdw wkh ohyho ri fruuxswlrq iurp wkh
vhfrqg shulrg rq zloo eh kljkhu wkdq wkh vwhdg| vwdwh/ hyhq li frqyhujlqj wr lw154
53Lw lv hdv| wr vhh wkdw dq| whpsrudu| xqiruhvhhq fkdqjh rwkhu wkdq lq wkh prqlwrulqj suredelolw| wkdw wdnhv sodfh diwhu
djhqwv kdyh ghflghg wr eh fruuxsw ru qrw fdq rqo| kdyh dq lpsdfw rq wkhlu sd|r￿ exw qrw rq wkh htxloleulxp1
54Wluroh +4<<9, frqvlghuv dpphvwlhv lq d shulrg lq zklfk d whpsrudu| vkrfn wr wkh h{fhvv sur￿wdelolw| ri fruuxswlrq lpsolhv
wkdw doo fruuxswleoh djhqwv fkrrvh wr eh fruuxsw dqg frqfoxghv wkdw wkh| fdq eh ehqh￿fldo dv wkh| fdq doorz vrflhw| wr vwd| lq
wkh orz fruuxswlrq htxloleulxp1 Zkloh iru Wluroh +4<<9, dq dpqhvw| lq rqh shulrg lv vlpso| d zd| wr pdnh fxuuhqw ghflvlrq
xqrevhuydeoh/ vr wkdw lq wkh frqwlqxdwlrq htxloleulxp wkh hfrqrp| vwd|v lq wkh vwhdg| vwdwh/ lq rxu prgho zh fdq wklqn ri
dpqhvwlhv wkdw hlwkhu lpso| > ’f+lq wkh fdvh lq zklfk fruuxsw sxeolf r!fldov duh sdugrqhg, ru > ’￿+lq wkh fdvh lq zklfk
￿upv duh sdugrqhg li wkh| jlyh lq wkhlu fruuxswlrq sduwqhuv, dqg wkh lpphgldwh frqvhtxhqfhv ri wkhvh wzr gl￿huhqw w|shv ri
dpqhvwlhv duh vkrzq wr eh yhu| gl￿huhqw1
54815 Uhvsrqvh wr shupdqhqw vkrfnv
Wkh jrdo ri wklv vhfwlrq lv wr vwxg| wkh g|qdplfv ri fruuxswlrq iroorzlqj shupdqhqw fkdqjhv lq wkh suri0
lwdelolw| ri fruuxswlrq1
Rxu pdlq uhvxow lv vwdwhg lq wkh iroorzlqj Sursrvlwlrq1
Sursrvlwlrq 9 Vxssrvh wkh v|vwhp zdv lq wkh vwhdg| vwdwh ￿3 dw w @ 3 dqg wkdw d shupdqhqw vkrfn wr vrph
sdudphwhu +rwkhu wkdq ￿, wdnlqj sodfh lq w @4+dqg ehfrplqj nqrzq ehiruh sod|huv sod|, lpsolhv d qhz
vwhdg| vwdwh ￿￿ 9@ ￿31 Wkhq
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4 lv lqfuhdvlqj lq ￿31
Surri1 Dsshqgl{ D1;1
Dowkrxjk Sursrvlwlrq 9 frqvlghuv shupdqhqw fkdqjhv lq sdudphwhuv rwkhu wkdq wkh ghwhfwlrq suredelolw|
￿/ Sursrvlwlrq : lq Dsshqgl{ D1< vkrzv wkdw vlplodu uhvxowv fdq eh rewdlqhg dovr iru shupdqhqw fkdqjhv
lq ￿1 Jlyhq fkdqjhv lq ￿ lpso| voljkw gl￿huhqfhv dqg vljql￿fdqwo| pruh lqyroyhg irupdo dujxphqwv/ wkh
suhvhqwdwlrq ri wklv uhvxow dqg lwv surri lv uhohjdwhg wr wkh Dsshqgl{1
Wkh lqwxlwlrq ehklqg Sursrvlwlrq 9 lv ehvw h{sodlqhg uhihuulqj vhsdudwho| wr fkdqjhv ohdglqj wr kljkhu
dqg orzhu vwhdg| vwdwh ohyhov ri fruuxswlrq dqg uhvruwlqj wr wkh lqwxlwlrq ri Sursrvlwlrq 51
Zkhq d vkrfn lpsolhv wkdw wkh qhz vwhdg| vwdwh lv kljkhu/ wkh v|vwhp lqkhulwv d glvwulexwlrq ri rog
djhqwv vxfk wkdw vrph djhqwv wkdw zrxog eh fruuxsw lq wkh qhz vwhdg| vwdwh fkrvh lq idfw qrw wr eh fruuxsw
lq wkh suhylrxv shulrg1 Wklv lpsolhv wkdw/ dv frpsduhg zlwk wkh qhz vwhdg| vwdwh/ vrph djhqwv zlwk d
fruuxswlrq frvw ehorz wkh qhz vwhdg| vwdwh lqgl￿huhqfh wkuhvkrog duh qrw uhsodfhg e| djhqwv wkdw zlwk
srvlwlyh suredelolw| zrxog kdyh d fruuxswlrq frvw kljkhu wkdq wkh qhz vwhdg| vwdwh lqgl￿huhqfh wkuhvkrog1
Vlqfh wklv lpsolhv wkdw wkh rog djhqwv* glvwulexwlrq kdv d pdvv ri djhqwv zlwk fruuxswlrq frvwv ohvv wkdq ru
htxdo wr wkh vwhdg| vwdwh lqgl￿huhqfh ohyho wkdw lv kljkhu wkdq wkh fruuhvsrqglqj pdvv lq wkh vwhdg| vwdwh
glvwulexwlrq/ fruuxswlrq zloo eh kljkhu wkdq lq wkh vwhdg| vwdwh1 E| Sursrvlwlrq 5 lw lv wkhq hdv| wr vhh wkdw
fruuxswlrq zloo eh ghfuhdvlqj wrzdugv wkh vwhdg| vwdwh1 Vlqfh lw fdq eh vhhq wkdw fruuxswlrq zloo eh kljkhu/
55wkh odujhu wkh ghsduwxuh ri wkh lqkhulwhg glvwulexwlrq iurp wkh glvwulexwlrq dvvrfldwhg wr wkh qhz vwhdg|
vwdwh/ lw lv hdv| wr vhh wkdw wkh orzhu wkh rog vwhdg| vwdwh wkh kljkhu wkh lqlwldo srlqw ri wkh htxloleulxp
vhtxhqfh dv fodlphg lq sduw 4e1
Zkhq d vkrfn lpsolhv wkdw wkh qhz vwhdg| vwdwh lv orzhu/ rq wkh rwkhu kdqg/ wkh v|vwhp lqkhulwv d
glvwulexwlrq ri rog djhqwv vxfk wkdw vrph djhqwv wkdw zrxog qrw eh fruuxsw lq wkh qhz vwhdg| vwdwh fkrvh lq
idfw wr eh fruuxsw lq wkh suhylrxv shulrg1 Wklv lpsolhv wkdw/ dv frpsduhg zlwk wkh qhz vwhdg| vwdwh/ vrph
djhqwv zlwk d fruuxswlrq frvw deryh wkh qhz vwhdg| vwdwh lqgl￿huhqfh wkuhvkrog duh uhsodfhg e| djhqwv wkdw
zlwk srvlwlyh suredelolw| zloo kdyh d fruuxswlrq frvw orzhu wkdq wkh qhz vwhdg| vwdwh lqgl￿huhqfh wkuhvkrog1
Vlqfh wklv lpsolhv wkdw wkh rog djhqwv* glvwulexwlrq kdv d pdvv ri djhqwv zlwk fruuxswlrq frvwv ohvv wkdq ru
htxdo wr wkh vwhdg| vwdwh lqgl￿huhqfh ohyho wkdw lv kljkhu wkdq wkh fruuhvsrqglqj pdvv lq wkh vwhdg| vwdwh
glvwulexwlrq/ fruuxswlrq zloo eh kljkhu wkdq lq wkh vwhdg| vwdwh1 Dv ehiruh/ e| Sursrvlwlrq 5 fruuxswlrq zloo
eh ghfuhdvlqj wrzdugv wkh vwhdg| vwdwh1 Vlqfh/ dv dujxhg deryh/ fruuxswlrq zloo eh kljkhu/ wkh odujhu wkh
ghsduwxuh ri wkh lqkhulwhg glvwulexwlrq iurp wkh glvwulexwlrq dvvrfldwhg wr wkh qhz vwhdg| vwdwh/ wkh kljkhu
wkh rog vwhdg| vwdwh wkh kljkhu wkh lqlwldo srlqw ri wkh htxloleulxp vhtxhqfh dv fodlphg lq sduw 5e1
Sursrvlwlrq 9 vkrzv wzr lpsruwdqw ihdwxuhv ri wkh dgmxvwphqw wr d qhz vwhdg| vwdwh iroorzlqj d shu0
pdqhqw vkrfn wr wkh sur￿wdelolw| ri fruuxswlrq=
41 Wkh dgmxvwphqw wr wkh vwhdg| vwdwh fdq rqo| rffxu wkurxjk ghfuhdvlqj vhtxhqfhv dqg wkh ohyho ri
fruuxswlrq hqvxlqj lpphgldwho| diwhu wkh vkrfn kdv wkhuhiruh wr eh deryh wkh qhz vwhdg| vwdwh1
51 Wkhuh lv dq lqkhuhqw dv|pphwu| lq wkh dgmxvwphqw iurp dq rog vwhdg| vwdwh wr d qhz rqh
+d, Li wkh rog vwhdg| vwdwh zdv orzhu wkdq wkh qhz rqh/ wkh qhz ohyho ri fruuxswlrq +iurp zklfk
frqyhujhqfh wr wkh qhz vwhdg| vwdwh vwduwv, zloo eh kljkhu/ wkh orzhu wkh rog vwhdg| vwdwh1
+e, Li wkh rog vwhdg| vwdwh zdv kljkhu wkdq wkh qhz rqh/ wkh qhz ohyho ri fruuxswlrq +iurp zklfk
frqyhujhqfh wr wkh qhz vwhdg| vwdwh vwduwv, zloo eh kljkhu/ wkh kljkhu wkh rog vwhdg| vwdwh1
Dq lqwhuhvwlqj fdvh lv wkh wudqvlwlrq iurp d vlwxdwlrq lq zklfk fruuxswlrq lv rujdql}hg wr d v|vwhp ri
frpshwlwlyh fruuxswlrq1 Uhihuulqj wr wkh vshfwdfxodu vxujh lq fruuxswlrq lq iruphu Vrylhw frxqwulhv/ Edugkdq
+4<<:, dujxhv wkdw ￿^===‘ wkh Frppxqlvw Sduw| xvhg wr fhqwudol}h wkh froohfwlrq ri eulehv dqg h￿hfwlyho|
prqlwruhg +vrphwlphv zlwk wkh khos ri wkh NJE, ghyldwlrqv iurp djuhhg0xsrq sdwwhuqv ri fruuxswlrq1 Qrz
gl￿huhqw plqlvwulhv/ djhqflhv/ dqg ohyhov ri orfdo jryhuqphqwv doo vhw wkhlu rzq eulehv lqghshqghqwo| lq d
ghfhqwudol}hg dwwhpsw wr pd{lpl}h wkhlu rzq uhyhqxh1￿55
55Edugkdq +4<<:,/ sdjh 46581
56D vwudljkwiruzdug h{whqvlrq ri rxu prgho +ri frpshwlwlyh fruuxswlrq, vkrzv wkdw wkh vwhdg| vwdwh ohyho ri
fruuxswlrq lv orzhu dqg fruuxswlrq uhyhqxh lv kljkhu xqghu rujdql}hg fruuxswlrq/ wkdw lv wr vd| lq d vlwxdwlrq
lq zklfk djhqwv frooxgh wr ghflgh wkh ohyho ri fruuxswlrq/ ehlqj dzduh wkdw kljk ohyhov ri fruuxswlrq lpso|
d uhvsrqvh ri wkh d￿hfwhg sduw| wkdw ghfuhdvhv lwv sur￿wdelolw|156 Sursrvlwlrq 9 wkhuhiruh vxjjhvwv wkdw wkh
lpphgldwh frqvhtxhqfh ri d wudqvlwlrq iurp rujdql}hg wr frpshwlwlyh fruuxswlrq lq iruphu Vrylhw frxqwulhv
pd| eh d uhpdundeoh lqfuhdvh lq wkh ohyho ri fruuxswlrq ryhu dqg deryh wkh qhz +douhdg| kljkhu, vwhdg|
vwdwh/ dowkrxjk fruuxswlrq vkrxog wkhq ghfuhdvh ryhu wlph dqg hyhqwxdoo| frqyhujh wr wkh qhz vwhdg| vwdwh1
9 Frqfoxvlrqv
Wkh fruuxswlrq prgho zh frqvlghu uholhv rq wkuhh edvlf dvvxpswlrqv=
D14* Ghwhfwlrq ri fruuxsw dfwlylwlhv ohdgv wr wkh uhsodfhphqw ri fruuxsw djhqwv dqg lpsolhv wkdw wkh klv0
wrulfdo ohyhov ri fruuxswlrq d￿hfw wkh glvwulexwlrq ri wkh djhqwv* frvw wr duudqjh fruuxsw wudqvdfwlrqv1
D15* Wkh sd|r￿ iurp jhwwlqj fruuxsw lv ghfuhdvlqj lq fruuxswlrq1
D16* \rxqj djhqwv fduh derxw wkh ixwxuh dqg wkhuhiruh wudgh r￿ fxuuhqw fruuxswlrq sd|r￿ djdlqvw wkh
srvvleoh orvv ri ixwxuh fruuxswlrq rssruwxqlwlhv uhvxowlqj iurp glvfkdujh1
Dowkrxjk rxu uhvxowv gr qrw ghshqg rq wkh ￿qh ghwdlov ri wkh prgho/ lw lv lpsruwdqw wr kljkoljkw wr
zkdw h{whqw wkh| ghshqg rq dvvxpswlrqv D14*/ D15*/ dqg D16* deryh1
Dvvxpswlrq D14* lv d nh| hohphqw lq wkdw lw lv qhfhvvdu| wr hvwdeolvk dq lqwhuwhpsrudo olqn ehwzhhq sdvw
dqg fxuuhqw fruuxswlrq1 Gl￿huhqw dvvxpswlrqv hvwdeolvklqj dq lqwhuwhpsrudo olqn ohdg wr vlplodu uhvxowv1 Iru
lqvwdqfh/ lqfuhdvlqj shqdow| vfkhgxohv/ zlwk vwurqjhu shqdowlhv dvvrfldwhg zlwk uhlwhudwhg zurqj0grlqj kdyh
ehhq ghihqghg dw ohdvw vlqfh Vwljohu*v +4<:3, vhplqdo zrun dv surylglqj pdujlqdo ghwhuuhqfh dqg dv ehlqj
mxvwl￿hg lq wkh oljkw ri lpshuihfw revhuydelolw|1 Lq Fhohqwdql dqg Jdqx}d +4<<:, zh frqvlghu d vlwxdwlrq lq
zklfk djhqwv idfh wklv nlqg ri shqdow| vfkhgxohv dqg rewdlq uhvxowv vlplodu wr wkh rqhv suhvhqwhg lq wklv
sdshu1
Dvvxpswlrq D15* lv dovr hvvhqwldo iru wkh iroorzlqj uhdvrqv1 Lw lv hvvhqwldo wkdw wkh sd|r￿ ri fruuxswlrq
lv ghfuhdvlqj lq wkh +djjuhjdwh, ohyho ri fruuxswlrq udwkhu wkdq frqvwdqw lq rughu wr kdyh orqj odvwlqj
frqvhtxhqfhv ri vkrfnv= Li wkh sd|r￿ ri fruuxswlrq zhuh frqvwdqw/ d vkrfn frxog rqo| kdyh dq lpsdfw lq wkh
shulrg lq zklfk lw rffxuv dqg lq wkh vxevhtxhqw rqh wkurxjk lwv lpsdfw rq wkh glvwulexwlrq ri |rxqj djhqwv1
Lw lv dovr hvvhqwldo wkdw wkh sd|r￿ ri fruuxswlrq lv ghfuhdvlqj lq wkh +djjuhjdwh, ohyho ri fruuxswlrq udwkhu
56D vlplodu suhglfwlrq kdv dovr ehhq grqh e| Vkohlihu dqg Ylvkq| +4<<6, dowkrxjk xvlqj d gl￿huhqw dujxphqw1
57wkdq lqfuhdvlqj dv lq wkh odwwhu fdvh wkhuh zrxog eh pruh wkdq rqh vwhdg| vwdwh dqg rxu uhvxowv zrxog qrw
krog1
Dv zdv vxjjhvwhg lq wkh glvfxvvlrq ri Sursrvlwlrq 5 lq vxevhfwlrq 714/ zkhq djhqwv duh frpsohwho|
p|rslf/ wkh uhvxowv rq wkh g|qdplfv ri wkh djjuhjdwh ohyho ri fruuxswlrq duh txdolwdwlyho| wkh vdph1 Lq
wklv vhqvh Dvvxpswlrq D16*/ zkloh uhdolvwlf/ lv qrw hvvhqwldo lq ghulylqj prvw ri rxu uhvxowv1 Lw lv/ krzhyhu/
uhdvvxulqj wr ￿qg rxw wkdw doorzlqj |rxqj djhqwv wr frqglwlrq wkhlu fxuuhqw ghflvlrqv rq wkhlu h{shfwdwlrqv
derxw wkh ixwxuh grhv qrw lpso| txdolwdwlyh fkdqjhv lq wkh fkdudfwhul}dwlrq ri wkh g|qdplf surshuwlhv
ri htxloleulxp vhtxhqfhv dqg lq sduwlfxodu lq wkhlu xqltxhqhvv1 Dvvxpswlrq D16* pruhryhu lv xvhixo lq
kljkoljkwlqj wkdw wkh idfw wkdw |rxqj djhqwv gr fduh derxw wkh ixwxuh kdv wzr lpsruwdqw lpsolfdwlrqv= +4,
Wkhuh lv d gl￿huhqfh lq wkh fruuxswlrq ghflvlrqv ri |rxqj dqg rog djhqwv> lq sduwlfxodu zh vkrz wkdw zkloh
rog djhqwv duh pruh surqh wr fruuxswlrq/ lq wkh vhqvh wkdw wkhlu lqgl￿huhqfh wkuhvkrog lv kljkhu wkdq wkh rqh
ri |rxqj djhqwv iru d jlyhq ohyho ri djjuhjdwh fruuxswlrq/ wkh uhsodfhphqw ri fruuxsw djhqwv lpsolhv wkdw
wkh ghqvlw| ri rog djhqwv ehorz wkh lqgl￿huhqfh wkuhvkrog lv orzhu1 +5, Pruh lpsruwdqwo|/ jlyhq htxloleulxp
vhtxhqfhv ri fruuxswlrq duh ghfuhdvlqj dqg wkh sur￿wdelolw| ri fruuxswlrq lv wkhuhiruh lqfuhdvlqj ryhu wlph/
li |rxqj djhqwv fduh derxw ixwxuh sd|r￿v/ vrph ri wkhp zloo uhiudlq iurp ehfrplqj fruuxsw zkhq |rxqj lq
dqwlflsdwlrq ri kljkhu sd|r￿ zkhq rog1 Dv zdv dujxhg lq vxevhfwlrq 714 wklv kdv d gluhfw h￿hfw wkdw whqgv
wr uhgxfh wkh ohyho ri fruuxswlrq/ lq pxfk wkh vdph zd| lq zklfk vwhdg| vwdwh fruuxswlrq lv orzhu wkdq
fruuxswlrq lq d vwdwlf iudphzrun/ exw dovr jhqhudwhv d pruh xqidyrudeoh ixwxuh glvwulexwlrq ri rog djhqwv
dqg kdv/ wkhuhiruh/ dq lqgluhfw h￿hfw wkdw whqgv wr lqfuhdvh fruuxswlrq dqg xowlpdwho| ohdgv wr d uhgxfwlrq
lq wkh vshhg ri frqyhujhqfh wr wkh vwhdg| vwdwh1
Rxu zrun vkrzv wkdw xqghu uhdvrqdeoh dvvxpswlrqv/ wkh g|qdplfv ri fruuxswlrq iroorzlqj h{rjhqrxv
vkrfnv fdq eh gl￿huhqw iurp wkh lqwxlwlrq wkdw frxog eh ghulyhg e| vlpsoh vwdwlf prghov1 Dq lqwhuhvwlqj
gluhfwlrq iru ixwxuh uhvhdufk lv wr dqdo|}h wkh h￿hfw rq htxloleulxp fruuxswlrq ri dqwlflsdwhg yrodwlolw| ri
srolf| uhjlphv gh￿qhg e| shqdowlhv dqg prqlwrulqj suredelolwlhv1 Zh frqmhfwxuh wkdw wkh Kdgoh|exuj h￿hfw
lpsolhv wkh xqghvludelolw| ri wkh yrodwlolw| ri srolf| uhjlphv/ dv vxfk yrodwlolw| zrxog lqgxfh dyhudjh ohyhov ri
fruuxswlrq kljkhu wkdq wkh rqhv wkdw zrxog rewdlq xqghu d ghwhuplqlvwlf srolf| uhjlph zlwk htxdo h{shfwhg
shqdowlhv1
58Dsshqglfhv
D14 Frpsxwdwlrq ri ￿
\
w +tw>t w.4,
Ohw ￿ ghqrwh d w|sh ri |rxqj djhqw lq w zkr sodqv wr eh fruuxsw lq w.4dqg zkr lv frqwhpsodwlqj jhwwlqj
fruuxsw lq w1 Lq rughu wr ghwhuplqh zkhwkhu vxfk d w|sh zloo eh fruuxsw lq w ru qrw zh ￿uvw qhhg wr frpsxwh
klv h{shfwhg sd|r￿ lq w .4li kh lv qrw ￿uhg1 Lw lv hdv| wr vkrz wkdw
￿D +tw.4,@e w .4 ￿ ￿ED ￿ ￿= +5:,
Iurp wkh jhqhudol}hg Qdvk edujdlqlqj vroxwlrq zh jhw
ew.4 @ ￿^F+tw.4, ￿ F+tf, ￿ ￿EI‘.+ 4￿￿ ,^￿ . ￿ED‘ +5;,
dqg vxevwlwxwlqj +5;, lqwr +5:, zh jhw
￿D+tw.4,@￿^ F+ t w .4, ￿ n ￿ ￿‘
Jlyhq wklv/ wkh edujdlqlqj vlwxdwlrq frqiurqwlqj dw gdwh w d |rxqj djhqw zlwk wkh ￿up zkhq wkh txdolw|
vwdqgdug lv tw fdq eh ghvfulehg e| wkh iroorzlqj jhqhudol}hg Qdvk edujdlqlqj sureohp lq zklfk erwk wkh
sd|r￿ iurp jhwwlqj fruuxsw lq w dqg wkh glvdjuhhphqw srlqw iru wkh djhqw qrz lqfoxgh wkh h{shfwhg sd|r￿
iurp fruuxswlrq lq w .4 =
pd{
ew
+ew ￿ ￿ED .+ 4￿￿ ,pd{i￿D +tw.4,>3j￿pd{i￿D +tw.4,>3j,￿+F +tw.4, ￿ ew ￿ ￿EI ￿ F +tf,,4￿￿
Vwudljkwiruzdug dowkrxjk whglrxv fdofxodwlrqv vkrz wkdw/ jlyhq tw dqg tw.4/ wkh euleh lq w zloo eh
ew @ ￿+F+tw, ￿ ￿EI ￿ F +tf, ,.+ 4￿￿ ,+￿.￿ED . ￿pd{i￿D +tw.4,>3j,
Qrz ohw ￿
\F
w ghqrwh wkh w|sh ri |rxqj djhqw dw gdwh w wkdw sodqv wr eh fruuxsw dw w .4 57 dqg zkr lv
h{dfwo| lqgl￿huhqw ehwzhhq ehlqj fruuxsw ru qrw wrgd|1 Wr ￿qg vxfk w|sh zh qhhg wr htxdwh wkh sd|r￿v




w ￿￿ED .+ 4￿￿ ,￿ D+ t w .4,@￿ D+ t w .4,= +5<,




F+ t w,￿￿￿F +tw.4,
4 ￿ ￿￿
￿ n>
Dv ehiruh zh dvvxph zlwkrxw orvv ri jhqhudolw| wkdw ￿
\F




w .4/ zh gh￿qh





F+ t w, ￿ ￿￿F+tw.4,








w @3phdqv wkdw/ jlyhq tw dqg tw.4/ wkhuh lv qr w|sh ri djhqw zkr lv lqgl￿huhqw ehwzhhq ehlqj






F+ t w, ￿ ￿￿F+tw.4,
4￿￿￿ ￿ n li tw ?t w .4
3 rwkhuzlvh1
+63,
Li d |rxqj djhqw lq w sodqv qrw wr eh fruuxsw lq w .4 / klv ehkdylru zloo eh lghqwlfdo wr wkdw ri dq rog
djhqw lq w +uhfdoo wkdw zh kdyh qrupdol}hg zdjh wr 3,1 Ohw ￿
\K
w ghqrwh d w|sh ri |rxqj djhqw lq w zkr















w @3phdqv wkdw/ jlyhq tw dqg tw.4/ wkhuh lv qr w|sh ri djhqw zkr lv lqgl￿huhqw ehwzhhq ehlqj






3 li tw ?t w .4
F +tw, ￿ n li tw ￿ tw.4
= +64,














D15 Ghulydwlrq ri htxdwlrq +49,
Vlqfh wkh iudfwlrq ri fruuxsw djhqwv lq hdfk shulrg lv htxdo wr wkh dyhudjh ri fruuxsw rog dqg |rxqj djhqwv/
wr frpsxwh lw vwduwlqj iurp htxdwlrqv +48, dqg +44, zh qhhg wr frqvlghu irxu gl￿huhqw fdvhv wkdw ghshqg
rq krz txdolw| vwdqgdugv dqg wkhuhiruh fruuxswlrq fkdqjh ryhu wlph1



























+5 ￿ ￿,+F +tw, ￿ n,.￿ + F+ t w ￿ 4,￿n,+F +tw, ￿ n, ￿
￿￿
4 ￿ ￿￿
+F +tw.4, ￿ F +tw,,
￿





























^+5 ￿ ￿,+F +tw, ￿ n,.￿ + F+ t w ￿ 4,￿n,+F +tw, ￿ n, ￿
￿￿
4 ￿ ￿￿




+F +tw￿4, ￿ F +tw,,+4 ￿ ￿￿+F +tw, ￿ n,,‘


























^+5 ￿ ￿,+F +tw, ￿ n,.￿ + F+ t w ￿ 4,￿n,+F +tw, ￿ n,‘





























+5 ￿ ￿,+F +tw, ￿ n,.￿ + F+ t w ￿ 4,￿n,+F +tw, ￿ n, ￿
￿
4 ￿ ￿￿
+F +tw￿4, ￿ F +tw,,+4 ￿ ￿￿+F +tw, ￿ n,,
￿
=
Lw lv hdv| wr vhh wkdw htxdwlrq +49, vxppdul}hv wkh suhylrxv htxdwlrqv1
D16 Surri ri Sursrvlwlrq 4
+4, Ohw h+￿,@+ 5￿￿ ,￿+￿,.￿^￿+￿,‘
5 ￿ 5￿1 Wkh vwhdg| vwdwh lv wkhq jlyhq e| wkh vroxwlrq ri h+￿￿,@3
iru ￿￿ 5 ^3>4‘1 Vlqfh zh dvvxph wkdw ￿+3, A 3 +rwkhuzlvh qr djhqw zrxog hyhu zdqw wr eh fruuxsw, wr
vkrz sduw 4 ri wkh Sursrvlwlrq lw vx!fhv wr vkrz wkdw h+3, A 3/ h+￿, ? 3/ zkhuh ￿ @ plqi4>h ￿j dqg
h ￿ @ pd{i￿ =￿+ ￿ ,￿3 jdqg h3 +￿, ? 31L wl vh d v |w rv h hw k d wh+3, @ +5 ￿ ￿,￿+3, . ￿+￿+3,,




Li ￿ @4 /z hk d y h
h+ ￿ , @ +5 . ￿￿+4,,+￿+4, ￿ 4, ? 3
zlwk wkh lqhtxdolw| iroorzlqj iurp 3 ￿ ￿+￿,￿￿+4,?4>L i￿@h ￿ /z hk d y h
h+ ￿ ,@￿ 5 h ￿?3 =
Qrwlflqj wkdw h3 +￿,@+ 5￿￿ ,￿ 3+￿,.5 ￿ ￿+￿,￿ 3+￿,￿5?3frqfoxghv wkh dujxphqw1
+5, Rplwwhg1
+6, Wr h{solflwo| wdnh lqwr dffrxqw wkh lpsdfw ri wkh sdudphwhuv ri wkh sureohp rq wkh vwhdg| vwdwh/
uhzulwh wkh htxdwlrq ri wkh vwhdg| vwdwh dv h+￿￿>￿>E D>E I>t f,@3 1 Uhfdoo wkdw ￿+￿,@F + t + ￿ ,, ￿ n
5;dqg wkdw n @ F +tf,.￿+ E D.E I,zklfk lpsolhv wkdw ￿+￿,@F + t + ￿ ,, ￿ F +tf, ￿ ￿+ED . EI,= Ohw

























Cd ? 3/ iru doo d 5i E D >E I>t fj zh kdyh wkdw
g￿￿
gd ? 3 iru doo d 5































C￿ ? 3 dqg ￿+￿￿,￿+￿+￿￿,,
5 A 3 lpso| wkdw wkh qxphudwru lv qhjdwlyh1






@+ 5 ￿ ￿ ,￿+￿w,.￿ ￿
￿















































zkhuh vxelqglfhv uhihu dv ehiruh wr wkh ixwxuh dqg sdvw g|qdplfv ri fruuxswlrq= ￿I @ 4 li ￿w A￿ w .4/d q g








+5 ￿ ￿,.￿ ￿
￿
￿ w ￿ 4
￿￿






















+4 ￿ ￿￿￿+￿w,, A 3= +6;,













































Jlyhq wkhvh suholplqdulhv zh zloo qrz vkrz wkh uhvxow wkurxjk d vhtxhqfh ri Ohppdv1 Zh zloo ￿uvw vkrz
wkdw qr vwulfwo| qrqprqrwrqlf vhtxhqfh fdq dulvh lq htxloleulxp +Ohppdv 4 dqg 6, dqg wkdw qr vwulfwo|
lqfuhdvlqj vhtxhqfh fdq dulvh lq htxloleulxp hlwkhu +Ohppd 5,1 Zh zloo wkhq vkrz wkdw lq dq htxloleulxp




zlwk wzr dgmdfhqw ohyhov ri fruuxswlrq htxdo wr hdfk rwkhu dqg wkh
uhpdlqlqj gl￿huhqw iurp wkhp +Ohppd 7,1 Kdylqj vkrzq wklv/ zh zloo frqfoxgh wkdw htxloleulxp vhtxhqfhv
gl￿huhqw iurp lq￿qlwh uhshwlwlrqv ri wkh vwhdg| vwdwh kdyh wr eh vwulfwo| ghfuhdvlqj iru doo w ￿ 4 +Ohppd 8,
zklfk lpsolhv wkdw htxloleulxp vhtxhqfhv kdyh wr eh deryh wkh vwhdg| vwdwh1
Uho|lqj rq wkh idfw wkdw htxloleulxp vhtxhqfhv gl￿huhqw iurp lq￿qlwh uhshwlwlrqv ri wkh vwhdg| vwdwh duh
vwulfwo| ghfuhdvlqj iru doo w ￿ 4 dqg erxqghg ehorz e| wkh vwhdg| vwdwh/ zh zloo vkrz lq Ohppd 9 wkdw wkh
ohyho ri fruuxswlrq dw gdwh w @3zloo eh htxdo wr/ kljkhu ru orzhu wkdq wkh vwhdg| vwdwh/ ghshqglqj rq wkh
lqlwldo glvwulexwlrq J+￿, dqg lq sduwlfxodu rq zklfk ri frqglwlrqv +4<,/ +53,/ ru +54, krogv1
Zh rplw wkh surri ri h{lvwhqfh ri htxloleulxp vhtxhqfhv zklfk lv d vwudljkwiruzdug lpsolfdwlrq ri wkh






3 dqg iru doo ￿1 Ohppd :
frqfoxghv wkh surri ri Sursrvlwlrq 5 e| vkrzlqj wkdw htxloleulxp vhtxhqfhv duh xqltxh1
Ohppd 4 Frqvlghu dq htxloleulxp vhtxhqfh i￿wj1W khq wkhuh lv qr w ￿ 4 vxfk wkdw
￿w￿4 A￿ w +75,
￿w ?￿ w .4= +76,
Surri1 Vxssrvh wkdw wkhuh lv d w ￿ 4 vxfk wkdw +75, dqg +76, krog1 Wklv lpsolhv wkdw ￿I @3dqg ￿S @4 /


















? 3 zklfk/ wrjhwkhu zlwk +69, dqg +6:,
lpsolhv wkdw ￿w￿4 A￿ ￿1 Frqvlghu wkh iroorzlqj wzr fdvhv=
Fdvh 41d= ￿w￿4 A￿ ￿/￿ w?￿ ￿1 Iurp deryh HS +￿w>￿￿,A3zkhq ￿w ?￿ ￿> wkhq qrwlfh wkdw zkhq ￿w ?￿ ￿/
H+ ￿ ￿>￿￿,@3dqg +69, lpso| H +￿w>￿￿,A31 Wklv lpsolhv wkdw iru ￿w ?￿ ￿/H+ ￿ w>￿￿,.H S+ ￿ w>￿￿,A3








A3iru ￿w￿4 A￿ ￿/￿ w?￿ ￿wkxv frqwudglfwlqj
+77,1
Fdvh 41e= ￿w￿4 A￿ ￿/￿ wA￿ ￿1 Frqvlghu wkh iroorzlqj wzr vxefdvhv










?3iru ￿w.4 A￿ wA￿ ￿1


















A 3 zklfk lv





Ohppd 5 Frqvlghu dq htxloleulxp vhtxhqfh i￿wj1W k h qw k h u hl vq rw￿4vxfk wkdw
￿w￿4 ?￿ w +79,
￿w ?￿ w .4 +7:,
Surri1 Vxssrvh wkdw wkhuh lv d w ￿ 4 vxfk wkdw +79, dqg +7:, krog1 Wklv lpsolhv wkdw ￿I @3dqg ￿S @3 /






Wklv lpsolhv wkdw ￿w￿4 ?￿ ￿dqg ￿w A￿ ￿dqg wkh odwwhu wrjhwkhu zlwk +7:, lpsolhv ￿w.4 A￿ ￿ 1 Frqvlghu
wkh iroorzlqj wzr fdvhv1





























A3zklfk lv lpsrvvleoh vlqfh iru





Ohppd 6 Frqvlghu dq htxloleulxp vhtxhqfh i￿wj1W k h qw k h u hl vq rw￿5vxfk wkdw
￿w￿4 ?￿ w +7<,
￿w A￿ w .4 +83,
Surri1 Vxssrvh wkdw wkhuh lv d w ￿ 5 vxfk wkdw +7<, dqg +83, krog/ dqg frqvlghu wkh iroorzlqj wkuhh
vxefdvhv=
41 ￿w￿5 ?￿ w ￿ 41 Vlqfh ￿w￿4 ?￿ wzh duh lq wkh fdvh ri Ohppd 5 zklfk uxohv rxw vxfk d vxevhtxhqfh1
6451 ￿w￿5 A￿ w ￿ 41 Vlqfh ￿w￿4 ?￿ wzh duh lq wkh fdvh ri Ohppd 4 zklfk uxohv rxw vxfk d vxevhtxhqfh1
61 ￿w￿5 @ ￿w￿41 Vlqfh ￿w￿4 ?￿ w/ wklv fdvh lv uxohg rxw e| Ohppd 7 ehorz1
Ohppd 7 Ohw i￿wj ghqrwh dq htxloleulxp vhtxhqfh1 Wkhq wkhuh lv qr w ￿ 4 vxfk wkdw ￿w￿4 @ ￿w 9@ ￿w.4
ru vxfk wkdw ￿w￿4 9@ ￿w @ ￿w.41
Surri1 Zh zloo rqo| vkrz wkdw wkhuh lv qr w ￿ 4 vxfk wkdw ￿w￿4 @ ￿w 9@ ￿w.4 dulvhv lq htxloleulxp dv wkh
surri ri wkh vhfrqg sduw ri wkh vwdwhphqw iroorzv dorqj wkh vdph olqhv1 Vxssrvh wkdw ￿w￿4 @ ￿w 9@ ￿w.4 dqg
frqvlghu wkh iroorzlqj wzr fdvhv=
41 ￿w￿4 @ ￿w ?￿ w .4






zklfk lv vdwlv￿hg iru ￿w￿4 @ ￿w rqo| li ￿w￿4 @ ￿w @ ￿￿1 Qrz frqvlghu wkh iroorzlqj wkuhh vxefdvhv=
+d, ￿￿ @ ￿w ?￿ w .4 ?￿ w .51 Wklv fdvh lv uxohg rxw e| Ohppd 51










zklfk lv lpsrvvleoh dv erwk whupv duh vwulfwo| qhjdwlyh1





zklfk lpsolhv wkdw ￿w.4 @ ￿￿ wkxv ylrodwlqj wkh dvvxpswlrq wkdw ￿w ?￿ w .41
51 ￿w￿4 @ ￿w A￿ w .4


















A 3 zklfk wrjhwkhu zlwk
H +￿￿>￿￿,@3dqg +69, dqg +6:, lpsolhv wkdw ￿w @ ￿w￿4 ?￿ ￿ 1 Qrz frqvlghu wkh iroorzlqj wkuhh
vxefdvhv=
+d, ￿￿ @ ￿w A￿ w .4 A￿ w .51 Wklv fdvh lv uxohg rxw e| Ohppd 8 ehorz wkdw vkrzv wkdw vwulfwo|
ghfuhdvlqj vhtxhqfhv kdyh wr olh deryh wkh vwhdg| vwdwh11
65+e, ￿￿ @ ￿w A￿ w .4/ ￿w.4 ?￿ w .51 Wklv fdvh lv uxohg rxw e| Ohppd 41


















?31K r z h y h uH + ￿ ￿ >￿￿,@3 /




A3/ wkxv ohdglqj wr d frqwudglfwlrq1
Wkh iroorzlqj Ohppd vkrzv wkdw doo htxloleulxp vhtxhqfhv kdyh wr eh hlwkhu frqvwdqw ru vwulfwo| gh0
fuhdvlqj iru w ￿ 41
Ohppd 8 Htxloleulxp vhtxhqfhv i￿wj
4




w @ ￿￿ iru w @3 >4 >===/ duh vxfk wkdw/
iru doo w ￿ 5/ ￿w A￿ ￿ dqg
￿w￿4 A￿ w +84,
￿w A￿ w .4= +85,
Surri1 Vwudljkwiruzdug iurp Ohppdv 4/ 516 dqg 71
Xvlqj wkh suhylrxv uhvxowv wkh iroorzlqj Ohppd fkdudfwhul}hv wkh htxloleulxp ohyho ri fruuxswlrq dw
w @3jlyhq dq duelwudu| lqlwldo glvwulexwlrq1
Ohppd 9 Ohw J +￿, eh jlyhq dqg ohw i￿3
wj
4
































3 ?￿ ￿/￿ 3
4A￿ 3
5A===A￿￿1
Surri1 +4, Uhfdoolqj wkdw ￿















zklfk lv fohduo| vdwlv￿hg jlyhq +89, dv/ e| dvvxpswlrq/ J+￿+￿￿,, @ I +￿+￿￿,>￿
￿>￿,1
+5, Iurp Ohppd 8 zh nqrz wkdw ￿4 A￿ 5A===A￿￿1 Zh wkhuhiruh rqo| qhhg wr vkrz wkdw li +87, krogv/
￿3 A￿ ￿1 Wr gr wklv vxssrvh +87, krogv dqg/ frqwudu| wr wkh vwdwhphqw/ ￿3 ?￿ ￿1 Jlyhq wklv lpsolhv wkdw
￿4 A￿ 3/ wkh sur￿wdelolw| ri fruuxswlrq lv kljkhu dw w @3wkdq dw w @4 / dqg wklv lpsolhv wkdw doo djhqwv/






Li ￿3 ?￿ ￿
￿+￿3,A￿+￿￿, +8;,
zklfk wrjhwkhu zlwk +87, lpsolhv wkdw
J+￿+￿3,, AI+￿+￿￿,>￿
￿>￿,= +8<,
Lw lv qrz hdv| wr vhh wkdw +89,/ +8;, dqg +8<, surylgh d frqwudglfwlrq wr +8:, zkhq ￿3 ?￿ ￿1
+6, Iurp Ohppd 8 zh nqrz wkdw ￿4 A￿ 5A === A ￿￿1 Zh wkhuhiruh rqo| qhhg wr vkrz wkdw li +88,
krogv/ ￿3 ?￿ ￿1 Vxssrvh/ frqwudu| wr wkh vwdwhphqw wkdw xqghu +88, ￿3 A￿ ￿1
Zh kdyh wr frqvlghu wzr fdvhv= +d, ￿3 ￿ ￿4> +e, ￿3 A￿ 41
+d, D frqwudglfwlrq wr wkh k|srwkhvlv wkdw ￿3 A￿ ￿lv uhdfkhg xvlqj wkh vdph dujxphqwv wkdw zhuh xvhg
lq wkh surri ri sduw 5/ zlwk doo lqhtxdolwlhv uhyhuvhg1




^￿+￿3,.J+￿+￿3,, . HI +￿3>￿4,‘= +93,





Xqghu wkh dvvxpswlrq wkdw ￿3 A￿ ￿zh kdyh
￿+￿3,?￿+￿￿, +95,
zklfk/ wrjhwkhu zlwk +88,/ lpsolhv
J+￿+￿3,, ?I+￿+￿￿,>￿
￿>￿,= +96,
67dqg lw lv hdv| wr vhh wkdw +89,/ +95,/ dqg +96, surylgh d frqwudglfwlrq wr +94, zkhq ￿3 A￿ ￿1 1
Wkh iroorzlqj Ohppd vkrzv wkdw htxloleulxp vhtxhqfhv duh xqltxh dqg frqfoxghv wkh surri ri Sursr0
vlwlrq 51
Ohppd : Ohw J +￿, eh jlyhq1 Wkhq wkhuh h{lvwv d xqltxh htxloleulxp vhtxhqfh i￿wj
4
w@3 vwduwlqj iurp wklv
glvwulexwlrq1
Surri1 Wr suryh wkh Ohppd lw lv vx!flhqw wr vkrz wkdw jlyhq dq duelwudu| glvwulexwlrq J+￿,qr wzr





w@3/ zlwk ￿3 9@ ￿3




￿>￿,dqg vxssrvh wkdw wkh suhylrxv vwdwhphqw lv qrw wuxh/ l1h1/ vxssrvh wkdw/ jlyhq J+￿,/





w@3 zlwk ￿3 9@ ￿3
31 Vxssrvh zlwkrxw orvv ri jhqhudolw|
wkdw ￿3 A￿ 3
31 Vlqfh zh nqrz iurp Ohppd 8 wkdw htxloleulxp vhtxhqfhv kdyh wr eh vwulfwo| ghfuhdvlqj/ wkh

















































Vlqfh e| dvvxpswlrq ￿3 A￿ 3































3, ￿ ￿+￿3,,= +:4,




68Frqvlghu qrz fruuxswlrq lq shulrg w @4 1 Vlqfh doo |rxqj djhqwv zlwk fruuxswlrq frvw ehorz
￿+￿3,￿￿￿￿+￿4,
4￿￿￿
























































































Jlyhq +:5, dqg wkh idfw wkdw ￿+￿,lv ghfuhdvlqj/ zh dovr kdyh wkdw
￿+￿3
4,A￿+￿4,= +:7,













































4, ￿ ￿+￿4,, +:8,
dqg vlqfh erwk whupv rq wkh uljkw kdqg vlgh ri lqhtxdolw| +:8, duh srvlwlyh/ dqg uhfdoolqj wkdw ￿+￿, lv
ghfuhdvlqj/ zh kdyh wkdw
￿5 A￿ 3
5= +:9,











































￿￿ A 4/ e| +::, ￿+￿3
w,￿￿+￿w, kdv wr eh lqfuhdvlqj ryhu wlph1 E| Ohppd 8/ krzhyhu/ htxloleulxp
vhtxhqfhv frqyhujh wr wkh vwhdg| vwdwh/ vr wkdw olpw +￿+￿3
w, ￿ ￿+￿w,, @ 3/ dqg d frqwudglfwlrq lv rewdlqhg1
Vlplodu dujxphqwv fdq eh xvhg wr suryh wkdw jlyhq d glvwulexwlrq J+￿, zlwk J+￿
￿, ￿ I +￿
￿>￿
￿>￿,
wkhuh fdqqrw eh wzr gl￿huhqw htxloleulxp vhtxhqfhv vwduwlqj iurp lw1
D18 Surri ri Sursrvlwlrq 6





w@3 dqg vxssrvh/ frqwudu| wr wkh fodlp dqg zlwkrxw orvv
ri jhqhudolw|/ wkdw
￿3 A￿ 3
3 A￿ ￿ +:;,
￿3
4 A￿ 4 A￿ ￿= +:<,
Vlqfh zh nqrz iurp Ohppd 8 wkdw htxloleulxp vhtxhqfhv kdyh wr eh vwulfwo| ghfuhdvlqj/ htxdwlrqv +97, dqg














































































































4,, A 3 +;6,











































































iru w ￿ 5 zklfk lpsolhv wkdw ￿+￿3
w,￿￿+￿w,kdv wr eh lqfuhdvlqj ryhu wlph1 E| Ohppd 8/ krzhyhu/ htxloleulxp
vhtxhqfhv frqyhujh wr wkh vwhdg| vwdwh/ vr wkdw olpw +￿+￿3
w, ￿ ￿+￿w,, @ 3/ dqg d frqwudglfwlrq lv rewdlqhg1
+5, Rplwwhg1
+6, Iurp Ohppd 8 doo htxloleulxp vxevhtxhqfhv vwduwlqj iurp w @4dqg gl￿huhqw iurp lq￿qlwh uhshwlwlrqv
ri wkh vwhdg| vwdwh ohyho ri fruuxswlrq duh deryh wkh vwhdg| vwdwh dqg duh vwulfwo| ghfuhdvlqj1
Vlqfh ￿w A￿ ￿/￿
R
w @￿+ ￿ w,?￿+￿￿,@￿
￿1




























zklfk frpsohwhv wkh surri1
D19 Surri ri Sursrvlwlrq 7
+4, Iurp Ohppd 8 zh nqrz wkdw ￿5 A￿ 6A===A￿ ￿1 Zh wkhuhiruh rqo| qhhg wr vkrz wkdw ￿4 A￿ ￿1W rg r
wklv vxssrvh wkdw/ frqwudu| wr wkh vwdwhphqw/ ￿4 ?￿ ￿1 Jlyhq wklv lpsolhv wkdw ￿5 A￿ 4/ wkh sur￿wdelolw|
6;ri fruuxswlrq lv kljkhu dw w @ 4 wkdq dw w @5 / dqg wklv lpsolhv wkdw doo djhqwv/ erwk |rxqj dqg rog/ zlwk





















Lw lv qrz hdv| wr vhh wkdw +89,/ +;;, dqg +;<, surylgh d frqwudglfwlrq wr +;:d, zkhq ￿3 ?￿ ￿1
+5, Iurp Ohppd 8 zh nqrz wkdw ￿5 A￿ 6A===A￿ ￿1 Zh wkhuhiruh rqo| qhhg wr vkrz wkdw ￿4 ?￿ ￿1
Wr gr wklv vxssrvh wkdw/ frqwudu| wr wkh vwdwhphqw/ ￿4 A￿ ￿1
Zh kdyh wr frqvlghu wzr fdvhv= +d, ￿4 ￿ ￿5> +e, ￿4 A￿ 51
+d, D frqwudglfwlrq wr wkh k|srwkhvlv wkdw ￿4 A￿ ￿lv uhdfkhg xvlqj wkh vdph dujxphqwv wkdw zhuh xvhg
lq wkh surri ri sduw 4/ zlwk doo lqhtxdolwlhv uhyhuvhg1


































dqg lw lv hdv| wr vhh wkdw +89,/ +<5,/ dqg +<6, surylgh d frqwudglfwlrq wr +<4, zkhq ￿4 A￿ ￿1 1
D1: Surri ri Sursrvlwlrq 8
Vlqfh wkh fkdqjh lq ￿ lv xqiruhvhhq xqwlo wkh hqg ri shulrg w @4 /z hk d y hw k d w￿ 4@￿ ￿ 1 Jlyhq wklv/ dqg
jlyhq ￿3/ wkh glvwulexwlrq ri wkh djhqwv* fruuxswlrq frvwv zloo wkhq eh I +￿>￿









￿>￿,li ￿3 ?￿ / dsso|lqj Ohppd 9
frqfoxghv wkh dujxphqw1
6<D1; Surri ri Sursrvlwlrq 9
Wr suryh Sursrvlwlrq 9 zh zloo ￿uvw suhvhqw d vhtxhqfh ri Ohppdv1
Ohw ￿
\ +￿, ghqrwh wkh pdsslqj iurp htxloleulxp ohyhov ri fruuxswlrq wr wkh w|sh ri |rxqj djhqw zkr lv
lqgl￿huhqw ehwzhhq ehlqj krqhvw dqg fruuxsw1 Wkhq zh kdyh=
Ohppd ; ￿
\ +￿, lv d vwulfwo| ghfuhdvlqj ixqfwlrq1
Surri1 Wkh idfw wkdw ￿
\ +￿, lv d ixqfwlrq lv d vwudljkwiruzdug frqvhtxhqfh ri Sursrvlwlrq 5 wkdw vkrzv
wkdw htxloleulxp vhtxhqfhv duh xqltxh1 Wr vkrz wkdw ￿
\ +￿, lv ghfuhdvlqj/ frqvlghu ￿
\ +￿￿, dqg ￿
\ +￿w,1












Vlqfh ￿￿ ?￿ w .4 ?￿ w/ dqg vlqfh ￿
\ +￿, lv prqrwrqlf/ wr suryh wkdw ￿
\ +￿, lv ghfuhdvlqj lw lv vx!flhqw wr
vkrz wkdw ￿
\ +￿￿, A￿
\+ ￿ w, 1 Vxssrvh wr wkh frqwudu| wkdw ￿
\ +￿￿, ?￿
\+ ￿ w, 1 Vlpsoh dojheud vkrzv wkdw







zklfk lv lpsrvvleoh vlqfh ￿ lv ghfuhdvlqj dqg ￿￿ ?￿ w .4 ?￿ w1
Jlyhq wkh uhvxowv ri Ohppdv 9 dqg ;/ wkh iroorzlqj Ohppd vkrzv wkdw li lw zhuh nqrzq wkdw wzr lqlwldo
glvwulexwlrqv ri rog djhqwv jhqhudwh htxloleulxp vhtxhqfhv zkrvh ￿uvw hohphqwv ehorqj wr dq lqwhuydo o|lqj
hlwkhu deryh ru ehorz wkh vwhdg| vwdwh/ d frpsohwh frpsdulvrq ri htxloleulxp vhtxhqfhv fdq eh grqh/ li rqh
glvwulexwlrq grplqdwhv wkh rwkhu lq dq dssursuldwh lqwhuydo1
Ohppd < Ohw wzr lqlwldo glvwulexwlrqv ri rog djhqwv dw wlph w @3eh ghvfulehg e| wkh glvwulexwlrq ixqfwlrqv
J3 +￿,/d q gJ 33 +￿, dqg ohw ￿3
3 dqg ￿33
3 ghqrwh wkh htxloleulxp fruuxswlrq ohyhov dvvrfldwhg wr wkhp lq w @3 1
Vxssrvh wkdw erwk ￿3
3 dqg ￿33




zlwk hlwkhu ￿￿ ?￿?￿ru ￿ ? ￿?￿ ￿ 1L i









Surri1 Iluvw frqvlghu wkh fdvh lq zklfk ￿￿ ?￿?￿ 1 Lq wklv fdvh/ e| Ohppd 9/ ￿3






























73dqg qrwlfh wkdw/ vlqfh e| Ohppd ; ￿














3,, ￿ J3 +￿+￿3
3,,= +<;,
Vxssrvh/ frqwudu| wr wkh vwdwhphqw/ wkdw ￿33
3 ?￿ 3
31 Wklv lpsolhv wkdw wkh ohiw kdqg vlgh ri +<;, lv qhjdwlyh
dqg wkh uljkw kdqg vlgh srvlwlyh dqg wkhuhiruh ohdgv wr d frqwudglfwlrq1
Qrz frqvlghu wkh fdvh lq zklfk ￿ ? ￿?￿ ￿1 Lq wklv fdvh ￿3






















Wkh dujxphqw iroorzlqj +<:, frpsohwhv wkh surri1
Wkh iroorzlqj Ohppd hvwdeolvkhv d uhvxow wkdw zloo eh h{whqvlyho| xvhg lq wkh iroorzlqj wr dvfhuwdlq
zklfk ri frqglwlrqv +87, dqg +88, ri Ohppdv 9 krogv zkhq vwxg|lqj frpsdudwlyh g|qdplfv1
































































































































/z l w k￿ 3@￿ 1 Xvlqj wkh uhvxowv ri Ohppdv 9/ </ dqg 43 lw vkrzv wkdw htxloleulxp

















w@3 lv vxfk wkdw












3 lv dq lqfuhdvlqj ixqfwlrq ri ￿
31



















Vlqfh wklv lv htxlydohqw wr +87,/ wkh uhvxow wkdw ￿3
3 A￿ 3
4A￿ 3
5A===A￿ ￿iroorzv iurp Ohppd 91 Wkh surri
ri wkh idfw wkdw e ￿A￿ 3
3zloo eh ghod|hg xqwlo diwhu wkh surri ri sduwv +5, dqg +6,1



















w@3 ghqrwh wkh dvvrfldwhg htxloleulxp vhtxhqfhv ri fruuxswlrq vwduwlqj iurp vxfk lqlwldo glvwulex0
wlrqv1 Iurp deryh zh nqrz wkdw ￿3
3 A￿ ￿dqg ￿33





75Qrz vxssrvh wkdw ￿
3 ?￿
33 ?￿
￿1 Zh zdqw wr hvwdeolvk orzhu erxqgv rq ￿+￿3
3,dqg ￿+￿33
3, wkdw frpelqhg





































A +4 ￿ ￿ . ￿￿
￿,￿













?I+ ￿ > ￿









33 +vhh ￿jxuh 9 djdlq,1
Qrz vxssrvh wkdw ￿+￿33




1 Wklv lpsolhv wkdw wkh pdvv ri fruuxsw rog djhqwv lv ohvv wkdq lq wkh
vwhdg| vwdwh +I +￿
￿>￿
￿>￿,, zklfk lpsolhv wkdw wr dfklhyh d ￿33
3 A￿ ￿wkh pdvv ri fruuxsw |rxqj djhqwv
lq 3 kdv wr eh kljkhu wkdq lq wkh vwhdg| vwdwh1 Vlqfh wklv lv lpsrvvleoh zh frqfoxgh ￿+￿33





















dqg vxssrvh wkdw ￿+￿3
















doo ￿?e ￿ /￿+￿3















￿>￿,/ zklfk lpsolhv wkdw/ lq rughu wr kdyh ￿33
3 A￿ ￿/ wkh pdvv
ri fruuxsw |rxqj djhqwv lq 3 kdv wr eh odujhu wkdq lq wkh vwhdg| vwdwh1 Vlqfh wklv lv lpsrvvleoh zh frqfoxgh
wkdw ￿+￿3
3,Ae ￿1










































zh fdq dsso| wkh
uhvxow ri Ohppd < zklfk lpsolhv wkdw ￿3
3 A￿ 33
3 dqg frqfoxghv wkh surri ri Sduw 51



















w@3 ghqrwh wkh dvvrfldwhg htxloleulxp vhtxhqfhv ri fruuxswlrq vwduwlqj iurp vxfk lqlwldo glvwulex0
wlrqv1 Iurp deryh zh nqrz wkdw ￿3
3 A￿ ￿dqg ￿33





Qrz vxssrvh wkdw ￿
3 A￿
33 A￿













iru doo ￿ 5 +3>￿































iru doo ￿ 5 ^3>￿
￿‘zklfk frqfoxghv wkh surri ri sduw 61





dw wlph 3 wkh htxloleulxp vhtxhqfh i￿3
wj
4
w@3 lv vxfk wkdw ￿3
3 ? e ￿ +wkh ohyho ri fruuxswlrq lq wkh vwdwlf prgho,1
Zkhq ￿
3 ?￿
￿zh nqrz iurp sduw 5 wkdw ￿3
3 lv ghfuhdvlqj lq ￿
31 Wr vkrz wkdw ￿3
3 ? e ￿ iru doo ￿
3 5 ^3>￿
￿‘lw
lv wkhuhiruh vx!flhqw wr vkrz wkdw ￿3
3 ? e ￿ zkhq ￿
3 @3 =Vlqfh zh kdyh douhdg| vkrzq wkdw ￿3
3 A￿ 3
4A￿ ￿














zklfk fdq eh vkrzq wr eh htxlydohqw wr
￿3







Uhfdoo iurp htxdwlrq +;, wkdw e ￿ lv vxfk wkdw
e ￿ @￿+ e ￿ ,= +435,
Vxewudfwlqj +435, iurp +;, zh jhw
￿3








3 A e ￿1 Wkhq uhfdoolqj wkdw ￿3
3 A￿ 3
4dqg wkdw ￿ lv ghfuhdvlqj erwk whupv rq wkh uljkw kdqg
vlgh ri +436, duh srvlwlyh dqg zh jhw d frqwudglfwlrq1
Zkhq ￿
3 A￿
￿zh nqrz iurp sduw 5 wkdw ￿3
3 lv lqfuhdvlqj lq ￿
31 Wr vkrz wkdw ￿3
3 ? e ￿ +wkh ohyho ri
fruuxswlrq lq wkh vwdwlf prgho, iru doo ￿
3 5 ^￿
￿>4‘ lw lv wkhuhiruh vx!flhqw wr vkrz wkdw ￿3
3 ? e ￿ zkhq ￿
3 @4 =
Vlqfh zh kdyh douhdg| vkrzq wkdw ￿3
3 A￿ 3
4A￿ ￿wkh ohyho ri fruuxswlrq zloo eh jlyhq e| htxdwlrq +434, dqg
wkh vdph dujxphqw dv deryh dssolhv1
Jlyhq wkh deryh uhvxowv zh fdq qrz pryh wr wkh surri ri Sursrvlwlrq 91
+4, Vlqfh ￿3 ?￿ ￿/ lw lv hdv| wr vhh wkdw jlyhq wkdw ￿
3 ?￿





zlwk ￿ @ ￿
3 ?￿
￿1 Sduw 4d iroorzv gluhfwo| dsso|lqj sduw 4 ri Ohppd 441 Sduw 4e iroorzv
dsso|lqj sduw 5 ri Ohppd 441 +5, Vlqfh ￿3 A￿ ￿/ lw lv hdv| wr vhh wkdw jlyhq wkdw ￿
3 A￿
￿/ wkh glvwulexwlrq




zlwk ￿ @ ￿
3 A￿
￿1 Sduw 5d iroorzv gluhfwo| dsso|lqj sduw 4 ri
Ohppd 441 Sduw 5e iroorzv dsso|lqj sduw 6 ri Ohppd 441
D1< Shupdqhqw fkdqjhv lq wkh ghwhfwlrq suredelolw|
Zkhq frqvlghulqj shupdqhqw fkdqjhv lq ￿/ lw lv lpsruwdqw ￿uvw wr ghwhuplqh zkhwkhu fkdqjhv lq ￿ lpso|
lqfuhdvhv ru ghfuhdvhv lq ￿
￿/ wkh w|sh ri djhqw zkr lv mxvw lqgl￿huhqw ehwzhhq jhwwlqj fruuxsw ru qrw lq wkh
vwhdg| vwdwh1 Lq wkh uhvw ri wkh sdshu zh zloo pdnh wkh iroorzlqj Dvvxpswlrq1
77Dvvxpswlrq 4 C￿
￿@C￿ ? 31
Wklv dvvxpswlrq lv mxvwl￿hg rqfh zh uhfrjql}h wkdw lq wkh fdvh lq zklfk Y +t, @ orjt dqg F +t,@￿t
rqh fdq vkrz wkh iroorzlqj uhvxow





￿ @4￿￿ ￿+ ￿ ,￿n@4￿￿ ￿+ ￿ ,￿￿tf ￿￿+ED .EI,=














Uhfdoo wkdw ￿￿ lv jlyhq e| wkh vpdoohu urrw ri
K @ ￿+￿￿,
5 ￿ ^7 . ￿ ￿ 5￿n‘￿￿ .+ 5￿￿ ,+4 ￿ n,.￿ +4 ￿ n,5 @3 =

















+￿￿ .n,+4￿￿￿￿n,￿5+E D.E I,
7.￿￿5 ￿n ￿ 5￿￿￿ =
Jlyhq wkh ghqrplqdwru lv srvlwlyh/
C￿￿
C￿ ? 3 li dqg rqo| li







+438, fdq eh uhzulwwhq dv















dqg d vx!flhqw frqglwlrq iru +439, wr krog lv




78Ohppd 45 vkrzv wkdw li wkh vxp ri wkh shqdowlhv lpsrvhg rq wkh djhqw dqg wkh frqwudfwru lv qrw wrr
vpdoo/ wkhq C￿
￿@C￿ ? 31 Lw lv suredeo| zruwk qrwlflqj wkdw wkh frqglwlrq ri Ohppd 45 grhv qrw vhhp yhu|
uhvwulfwlyh li zh lqvlvw rq wkh idfw wkdw shqdowlhv vkrxog dw ohdvw eh vxfk wkdw qr djhqw zrxog zdqw wr eh
fruuxsw li kh nqhz wkdw kh zdv jrlqj wr eh fdxjkw zlwk suredelolw| 41 D vx!flhqw frqglwlrq lq rughu wr
uxoh rxw vxfk srvvlelolw| lv wkdw 3 A￿ t￿￿tf ￿ +ED .EI, +dq xsshu erxqg rq wkh djjuhjdwh sd|r￿ wr
wkh djhqw dqg wkh frqwudfwru zkhq ￿ @4 , zklfk lv htxlydohqw wr ED . EI A￿ t￿￿tf1 Jlyhq wkdw iru
ED . EI A 4@; wr krog/ lw lv vx!flhqw wkdw tf ?t￿ 4
; ￿ ? :
; ￿ @:
;vxst zkhuh vxst @4 @￿ lv dq xsshu
erxqg rq wkh htxloleulxp ohyho ri ghvluhg txdolw| dv lw lv wkh sulqflsdo*v ghvluhg ohyho ri txdolw| zlwk }hur
fruuxswlrq1
Jlyhq Dvvxpswlrq 4/ zh duh qrz lq wkh srvlwlrq wr vwdwh wkh iroorzlqj Sursrvlwlrq fkdudfwhul}lqj
frpsdudwlyh g|qdplfv iroorzlqj d fkdqjh lq ￿1
Sursrvlwlrq : Ohw ￿3 dqg ￿33 eh wkh vwhdg| vwdwhv dvvrfldwhg wr ￿3 dqg ￿33uhvshfwlyho|1 Vxssrvh wkdw Dv0







wkh htxloleulxp vhtxhqfhv vwduwlqj dw w @ 4 jlyhq wkdw fruuxswlrq dw wlph w @3zdv lq vwhdg| vwdwh ￿3 dqg
￿33/ uhvshfwlyho|1 Wkhq/ d shupdqhqw fkdqjh wr ￿￿ kdv wkh iroorzlqj lpsolfdwlrqv=
41 Li ￿3 ?￿ ￿ + /￿ 3A￿ ￿,d q g￿ ￿ ￿
￿A￿ 3￿
3 wkh htxloleulxp vhtxhqfh i￿3
wj
4





51 Li ￿3 ?￿ 33 ?￿ ￿+ /￿ 3A￿ 33 A￿ ￿,d q g￿ ￿ ￿
￿A￿ 33￿
33 A￿ 3￿







w@4 zloo eh vxfk wkdw ￿3
w A￿ 33
w iru w @4 >5 >===1
61 Li ￿3 ?￿ ￿+ /￿ 3A￿ ￿,d q g￿ ￿ ￿
￿?￿ 3￿
3 wkh htxloleulxp vhtxhqfh i￿3
wj
4





71 Li ￿3 ?￿ 33 ?￿ ￿+ /￿ 3A￿ 33 A￿ ￿,d q g￿ ￿ ￿
￿?￿ 33￿
33 ?￿ 3￿











w iru w @5 >6 >===1
81 Li ￿3 A￿ ￿+ /￿ 3?￿ ￿, wkh htxloleulxp vhtxhqfh i￿3
wj
4











w@4 zloo eh vxfk wkdw
￿3
w ?￿ 33
w iru doo w @4 >5 >===1





1 Vlqfh/ e| Dvvxps0
wlrq 4/ ￿
3 ?￿









li dqg rqo| li ￿3￿
3 ?￿ ￿ ￿
￿ 1 Vlqfh +43;, lv htxlydohqw wr +87,/ ￿3
4 A￿ 3
5A= = =A￿ ￿iroorzv iurp Ohppd
91 Wkh surri ri wkh idfw wkdw e ￿A￿ 3
4lv d vwudljkwiruzdug uhshwlwlrq ri wkh dujxphqw xvhg lq wkh Surri ri
Ohppd 44 dqg zloo wkhuhiruh eh rplwwhg erwk khuh dqg lq sduw 8 ehorz1









1 Xqghu Dvvxpswlrq 4 zh nqrz wkdw ￿
3 ?￿
33 ?￿
￿dqg/ iurp deryh/ ￿3
4 A￿ ￿
dqg ￿33




￿1 Zh zdqw wr hvwdeolvk orzhu erxqgv rq ￿+￿3
4,
dqg ￿+￿33
4, wkdw frpelqhg zlwk wkh xsshu erxqg surylghg deryh zloo hqdeoh xv wr dsso| Ohppd <1 Wr gr



































+vhh ￿jxuh :,1 Vxssrvh wkdw ￿+￿33




1 Wklv lpsolhv wkdw wkh
pdvv ri fruuxsw rog djhqwv lv ohvv wkdq lq wkh vwhdg| vwdwh +I +￿
￿>￿
￿>￿ ￿,, zklfk lpsolhv wkdw wr dfklhyh
d ￿33
4 A￿ ￿wkh pdvv ri fruuxsw |rxqj djhqwv lq 4 kdv wr eh kljkhu wkdq lq wkh vwhdg| vwdwh1 Vlqfh wklv
lv lpsrvvleoh zh frqfoxgh ￿+￿33




1 Qrz iru jlyhq ￿
3/ ￿
33/z l w k￿
3?￿
33 ?￿











dqg vxssrvh wkdw ￿+￿3














iru doo ￿?e ￿ /￿+￿3
4,?e ￿ lpsolhv wkdw wkh pdvv ri rog













zklfk lpsolhv wkdw/ lq rughu wr kdyh ￿3
4 A￿ ￿/ wkh pdvv ri fruuxsw |rxqj djhqwv lq 4 kdv wr eh odujhu wkdq
lq wkh vwhdg| vwdwh1 Vlqfh wklv lv lpsrvvleoh zh frqfoxgh wkdw ￿+￿3
4,Ae ￿1










































zh fdq dsso| wkh
uhvxow ri Ohppd < zklfk lpsolhv wkdw ￿3
4 A￿ 33
4 wkxv surylqj 51
+6, Vlqfh ￿￿￿
￿ ?￿ 3￿









zklfk lv htxlydohqw wr +88, zklfk lpsolhv wkdw sduw 6 iroorzv gluhfwo| iurp Ohppd 91

















/ iru doo ￿ 5 ^3>4‘1 Wr vhh wklv
￿uvw qrwlfh wkdw/ xqghu Dvvxpswlrq 4/ ￿
3 ?￿
33 ?￿







































/ wkh| fdq furvv dw prvw rqfh lq wklv lqwhuydo1 Jlyhq ￿33￿
33 ?￿ 3 ￿





































































/ iru doo ￿ 5 ^3>4‘/ zh fdq dsso| Ohppd < zklfk lpsolhv wkdw ￿3
4 ?￿ 33
41 Jlyhq
wklv dqg qrwlflqj wkdw wkh rog djhqwv* htxloleulxp glvwulexwlrqv lq 5 zloo eh uhvshfwlyho| I +￿>￿+￿3
4,>￿ ￿,
dqg I +￿>￿+￿33




￿wkh idfw wkdw ￿w lv ghfuhdvlqj lq ￿3 iru doo
wA4iroorzv gluhfwo| iurp sduw 5 ri Ohppd 441
+8, Vlqfh/ e| Dvvxpswlrq 4 ￿
3 A￿









li dqg rqo| li ￿3 ￿
4 ￿ ￿
3￿
?￿ ￿+4 ￿ ￿
￿,1 Vlqfh ￿
3 A￿
￿lpsolhv 4 ￿ ￿
3 ? 4 ￿ ￿
￿/ wkh odwwhu/ wrjhwkhu zlwk
￿3 ?￿ ￿/ lpsolhv wkdw ￿3 ￿
4 ￿ ￿
3￿
?￿ ￿+4 ￿ ￿
￿, dqg wkhuhiruh wkdw +43<, krogv1 Vlqfh +43<, lv htxlydohqw wr
+87,/ sduw 8 iroorzv gluhfwo| iurp Ohppd 91









1 Jlyhq wkh deryh +￿3
4 A￿ ￿/￿ 33







































iru doo ￿ 5 ^3>￿
￿‘1 Dsso|lqj Ohppd < frqfoxghv wkh Surri1
Sursrvlwlrq : jhqhudol}hv wkh uhvxow ri Sursrvlwlrq 9 wr fdvhv lq zklfk wkh fkdqjh lq wkh vwhdg| vwdwh
lv ghwhuplqhg e| d fkdqjh lq wkh suredelolw| zlwk zklfk d fruuxsw djhqw lv ghwhfwhg dqg wkhuhiruh ￿uhg1
Wkh uhvxowv glvfxvvhg lq lwhpv 4 dqg 5 rq sdjh 56 dovr dsso| wr wklv fdvh zlwk rqo| rqh plqru fkdqjh lq
lwhp 5d= Zkhq ￿3 A￿ ￿+zklfk lpsolhv wkdw wkh rog vwhdg| vwdwh lv orzhu wkdq wkh qhz rqh/ ￿3 ?￿ ￿,d q g
￿ ￿ ￿
￿?￿ 3￿
3wkh ￿uvw ohyho ri fruuxswlrq diwhu wkh fkdqjh iurp ￿3 wr ￿￿ lv orzhu wkdq qhz vwhdg| vwdwh dqg
lv pruhryhu kljkhu wkh kljkhu wkh rog vwhdg| vwdwh> Qhyhuwkhohvv wkh prqrwrqlflw| surshuwlhv lq ￿3 ri wkh
uhvw ri wkh hohphqwv ri wkh htxloleulxp vhtxhqfh duh xqfkdqjhg/ lq wkh vhqvh wkdw wkh ohyho ri fruuxswlrq dw
doo rwkhu gdwhv diwhu wkh ￿uvw zloo eh kljkhu wkh orzhu wkh rog vwhdg| vwdwh1
7;Uhihuhqfhv
^4‘ Dqgylj/ M1 F1 dqg N1 R1 Prhqh +4<<3, ￿Krz fruuxswlrq pd| fruuxsw￿/ Mrxuqdo ri Hfrqrplf Ehkdylru
dqg Rujdql}dwlrq/ 46/ 960:91
^5‘ Edq￿hog +4<:8, ￿Fruuxswlrq dv d ihdwxuh ri jryhuqphqwdo rujdql}dwlrq￿/ Mrxuqdo ri Odz dqg Hfr0
qrplfv/ 8;/ 8;:09381
^6‘ Edugkdq/ S1 +4<<:, ￿Fruuxswlrq dqg ghyhorsphqw= D uhylhz ri lvvxhv￿/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/
68+6,/ 4653046791
^7‘ Fhodulhu/ P1 +4<<:, ￿Sulydwl}dwlrq= D fdvh vwxg| lq fruuxswlrq￿/ Mrxuqdo ri Lqwhuqdwlrqdo D￿dluv/
83+5,/ 8640761
^8‘ Fhohqwdql/ P1 dqg M10M1 Jdqx}d +4<<:, ￿Dxfwlrqv dqg wkh g|qdplfv ri fruuxswlrq￿/ JUHPDT/ Fdklhu
q1 <:149178<1
^9‘ Oxl/ I1 W1 +4<;9, ￿D g|qdplf prgho ri fruuxswlrq￿/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 64/ 5480691
^:‘ Urvh0Dfnhupdq/ V1 +4<:8, ￿Wkh hfrqrplfv ri fruuxswlrq￿/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 7/ 4;:05361
^;‘ Urvh0Dfnhupdq/ V1 +4<:;,/ Fruuxswlrq/ d vwxg| lq srolwlfdo hfrqrp|/ Dfdghplf Suhvv/ Qhz \run/ Q\1
^<‘ Vkohlihu/ D1 dqg U1 Z11 Ylvkq| +4<<6, ￿Fruuxswlrq￿/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43;/ 8<<094:1
^43‘ Vwljohu/ J1 +4<:3,/ ￿Wkh rswlpxp hqirufhphqw ri odz￿/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ :;/ 85908691
^44‘ Wkh Hfrqrplvw +4<<:, ￿D +voljkwo|, qhz Lwdoldq hvwdeolvkphqw￿/ 45 Mxo| 4<<:/ 7;1
^45‘ Wluroh/ M1 +4<<6, ￿D wkhru| ri froohfwlyh uhsxwdwlrqv +zlwk dssolfdwlrqv wr wkh shuvlvwhqfh ri fruuxswlrq
dqg wr ￿up txdolw|,￿/ Uhylhz ri Hfrqrplf Vwxglhv/ 96+4,/ 40551
























































Iljxuh 7= Rog djhqwv* glvwulexwlrq ixqfwlrqv +iru jlyhq ￿ dqg gl￿huhqw ￿*v,                         
  FORMER MOTTO  REVISED MOTTO












































Iljxuh ;= Rog djhqwv* glvwulexwlrq ixqfwlrqv +iru gl￿huhqw ￿*v dqg ￿*v,